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High-fidelity CNOT gate for spin qubits with asymmetric driving using virtual gates
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Recent experiments have demonstrated two-qubit gate fidelities above 99% for semiconductor spin qubits.
However, theoretically, the fidelity of controlled-NOT (CNOT) operations is limited by off-resonant driving
described by off-diagonal terms in the system Hamiltonian. Here, we investigate these off-diagonal contributions
and we propose a fidelity improvement of several orders of magnitude by using asymmetric driving. Therefore,
we provide a description of ac virtual gates based on a simple capacitance model which not only enables a
high-fidelity CNOT but also allows for crosstalk reduction when scaling up spin qubit devices to larger arrays.
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Introduction. In the noisy intermediate-scale quantum
(NISQ) era of quantum computing, spin qubits [1] in semi-
conductor quantum dots [2] with their potential for scalability
have become of great interest. In the case of silicon, high
isotopic purity and a weak spin-orbit interaction enable long
qubit coherence times [3], making silicon-based spin qubits
interesting candidates for the development of large-scale de-
vices. A magnetic gradient field induced by a micromagnet
[4–6] allows for separate splitting energies and thus the in-
dividual addressability of the spins along the array. Using
electric dipole spin resonance (EDSR) by modulating the
quantum dot defining gate voltages, leading to a displacement
of the confined electron within the magnetic gradient field
and thus an effective magnetic drive, single-qubit gates can be
performed [7,8]. Two-qubit gates are realized by switching on
the exchange interaction between neighboring qubits [9–13].
If operating at a symmetric operation point first-order charge
noise can be suppressed [14–16].

While high-fidelity single-qubit operations have already
been demonstrated [10], recent results show fidelities of
>99.5% also for two-qubit gates [17,18]. For the controlled-
NOT (CNOT) gate implementation in Ref. [17] the exchange
interaction between two spins combined with an oscillating
magnetic drive on both qubits results in a high-fidelity op-
eration when synchronizing the off-resonant Rabi oscillation
of the nearby transition [12,19]. However, in this previous
description the CNOT operation suffers from an upper theo-
retic fidelity bound due to neglected off-diagonal parts of the
Hamiltonian. Here, we analyze these off-diagonal elements
and find an asymmetric driving within the CNOT to reduce the
infidelity of several orders of magnitude from 10−3 to 10−6. To
realize such a high-fidelity CNOT implementation we provide
a description for an ac driven virtual gate based on a simple
capacitance model.

Theoretical model. First, we consider a gate defined dou-
ble quantum dot (DQD) in the (1,1) charge regime, where

*irina.heinz@uni-konstanz.de
†guido.burkard@uni-konstanz.de

we neglect excited valley states due to large valley split-
ting compared to the Zeeman energies and assume the
intrinsic spin-orbit coupling to be small compared to the Zee-
man splitting. The system can be described theoretically by
the Heisenberg Hamiltonian H = J (t )(SL · SR − 1/4) + SL ·
BL + SR · BR, where J is the tunable exchange interaction
between spins SL and SR tuned by the middle barrier gate,
such as in Refs. [12,19], required for two-qubit operations,
and Bα = [0, Bα

y (t ), Bα
z ] is the external magnetic field at the

position of spin Sα , where α ∈ {L, R}. Magnetic fields are rep-
resented in energy units throughout this Letter, i.e., Bphysical =
B/gμB, and we furthermore set h̄ = 1. A large homogeneous
magnetic field and a field gradient in the z direction along the
x axis, e.g., caused by a micromagnet, Bα

z = Bz + bα
z , allows

the individual addressability of single spins, and a small field
gradient in the y direction enables a time-dependent EDSR
driving field in the y direction Bα

y (t ) = Bα
y,0 + Bα

y,1 cos(ωt +
θ ) when oscillating plunger gate voltages. The amplitude of
the EDSR-induced effective magnetic driving strength for
EDSR is proportional to the electric field and depends on
the device architecture, natural or artificial spin-orbit cou-
pling mechanism, and applied gate voltage [20,21]. We define
Ez = (BL

z + BR
z )/2 and �Ez = BR

z − BL
z for the remainder of

this Letter, so in the regime of weak exchange (J � �Ez)
the slightly corrected states {|↑↑〉, ˜|↓↑〉, ˜|↑↓〉, |↓↓〉} are the
eigenstates of the Hamiltonian with instantaneous eigenvalues
E (|↑↑〉) = Ez, E ( ˜|↑↓〉) = 1

2 (−J − √
J2 + �E2

z ), E ( ˜|↓↑〉) =
1
2 (−J + √

J2 + �E2
z ), E (|↓↓〉) = −Ez [19]. This shift of en-

ergy levels allows the individual addressing of the |↑↑〉 ↔
˜|↓↑〉 transition at the resonance frequency ωCNOT = Ez +

(J − √
�E2

z + J2)/2 due to the distinctness of the avail-
able transition frequencies. In the rotating frame H̃ (t ) =
R†HR + iṘ†R with R = exp[−iωt (SL + SR)] we make the ro-
tating wave approximation (RWA) in which far off-resonant
oscillations can be neglected (|By0,1(2)|, |By1,1(2)| � Bz1(2)).
When further approximating

√
J2 + �E2

z ≈ �Ez + J2/�Ez

and (J/�Ez )2 ≈ 0, since J � �Ez holds, we can bring
the Hamiltonian in the instantaneous eigenbasis into the
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form

H̃ ≈ 1

2

(
A+ B†

B A−

)
, (1)

with

A± =
(±2(Ez ∓ ω) ∓iα∗

±
±iα± −J ± (

�Ez + J2

2�Ez

)) (2)

representing the resonant and off-resonant oscillating parts
and coupling matrix

B =
(

0 iβ+
iβ− 0

)
, (3)

where

α± =
(

±BL
y,1 + BR

y,1
J

2�Ez

)
e±iθ , (4)

β± =
(

±BR
y,1 + BL

y,1
J

2�Ez

)
eiθ . (5)

Note that for compactness the Hamiltonian is represented in a
basis which is not ordered by energy here.

In Ref. [19] a high-fidelity CNOT implementation was pro-
posed by neglecting β+ and β− to decouple the block matrices
into the upper left and the lower right part of the matrix.
By synchronizing the resonant Rabi frequency � = |α+| and
off-resonant frequency �̃ =

√
|α−|2 + J2 such that the off-

resonant block matrix evolves full 2π rotations yields � =
2m+1

2n �̃, m, n ∈ Z. This was also demonstrated experimentally
in Refs. [12,17]. Different from this previous work we allow
driving strengths on the left and right qubit to be different, and
thus the synchronization yields

BL
y,1 = J

2�Ez

4(2m + 1)
√

[4n2 − (2m + 1)2](�Ez )2 + n2
(
BR

y,1

)2 − [4n2 + (2m + 1)2]BR
y,1

4n2 − (2m + 1)2
. (6)

The driving field on the left qubit in Eq. (6) depends not only
on J but also on the choice of BR

y,1 and represents the main
result of this Letter. This leaves an additional parameter to
fine tune the CNOT quality, which can be evaluated by calculat-
ing the fidelity [22] F = (d + |Tr[U †

idealUactual]|2)/[d (d + 1)],
where d is the dimension of the Hilbert space, Uideal is the
desired CNOT operation, and Uactual = exp(−iH̃t ) the actual
operation. The gate time τCNOT = π (2m + 1)/|α+| is mainly
determined by the large magnetic gradient �Ez but changes
for different BR

y,1.
Asymmetrically driven CNOT gate. Taking the CNOT syn-

chronization condition of Ref. [19] into account, which indeed
maximizes the qubit gate fidelity, we take a look at the
absolute value of the coefficients β+ and β− (set θ = 0),
which represent the fidelity limiting factors in the noiseless
CNOT gate operation. Considering Eq. (5) for independently
chosen BR

y,1, while BL
y,1 is determined by Eq. (6), we find

that β+ and β− are equal, i.e., β+ = β− = BL
y,1J/(2�Ez ),

if BR
y,1 = 0, and we obtain β± = 0 and β∓ = BL

y,1J/�Ez for
BR

y,1 = ∓BL
y,1J/(2�Ez ). Regarding the conditional choice of

the left qubit’s driving strength BL
y,1 depending on the right

qubit’s driving BR
y,1 we calculate the values for β+ and β−

in the inset of Fig. 1. Here, we used n = 1, m = 0, and
J = (2π ) 19.7 MHz as in the experiment in Ref. [12]. In order
to keep the off-diagonal elements small we restrict the choice
of the right driving strength to <(2π ) 120 MHz.

Using these values and θ = 3π/2 the CNOT gate fidelity
is calculated and shown in Fig. 1. Although for BR

y,1 ≈
(2π ) 111 MHz one of the off-diagonal elements becomes
zero, we find that the fidelity decreases since the remaining
element β+ becomes twice as large as in the case of no driving
on the right dot. Obviously, small fields BR

y,1 lead to higher
fidelity and thus are shown in Fig. 1. The choice of zero
driving on the control qubit can even minimize the infidelity
down to 10−6, where instead of the driving time of 284 ns for
symmetric driving, we obtain a time of 276 ns for asymmetric

driving. This corresponds to only driving the target qubit
while leaving the control qubit alone. The remaining infidelity
is due to finite |β+| = |β−| = BL

y,1J/(2�Ez ) and in principle
can be reduced by a high magnetic gradient field or a smaller
value for J . Figure 2 shows the infidelity of the CNOT operation
depending on J for the case of symmetric driving BR

y,1 = BL
y,1

in light blue and asymmetric driving with BR
y,1 = 0 MHz in

light red and BR
y,1 = 0.1BL

y,1 in light green. In each case the
infidelity increases for larger J , but in the asymmetric cases
this behavior is strongly suppressed and becomes only notice-
able as infidelities with orders of magnitude of 10−6 and 10−5.
Additionally, an oscillating behavior with small amplitude
shows up in each of the plots. These are due to interpolations
of the off-resonant Rabi oscillations resulting from finite |β+|
and |β−|. We also consider a Gaussian noise acting on the
exchange interaction J in terms of charge noise with standard

FIG. 1. CNOT fidelity dependence on the driving strength BR
y,1

(orange), which determines the choice of BL
y,1 (blue). The inset shows

values for β+ (purple) and β− (light green) depending on BR
y,1 where

θ = 0. BL
y,1 is determined by Eq. (6), i.e., by the choice of BR

y,1 and
J = (2π ) 19.7 MHz, where n = 1 and m = 0.
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FIG. 2. Infidelity depending on J for symmetric driving (BR
y,1 =

BL
y,1) in light blue, and asymmetric driving BR

y,1 = 0 MHz (light red)
and BR

y,1 = 0.1BL
y,1 (light green) with n = 1 and m = 0. The infi-

delity of symmetrically and asymmetrically (BR
y,1 = 0 MHz) driven

CNOT gates suffering from Gaussian charge and dephasing noise with
standard deviations δJ = (2π ) 0.2 MHz and δB = (2π ) 0.2 MHz are
shown in dark blue and dark red solid and dashed lines, respectively.

deviation δJ = (2π ) 0.2 MHz. In Fig. 2 the noisy symmetri-
cally driven CNOT gate is shown as a dark blue solid line and
the asymmetric case with BR

y,1 = 0 MHz as a dark red solid
line. For small values for J the noise contribution is large com-
pared to the exchange interaction and thus behaves similarly
in both cases, however, for larger exchange couplings both
curves approach their noise-free infidelity curves. Thus, we
find the noisy asymmetrically driven CNOT gate to perform
even better than the noise-free symmetrically driven CNOT

gate. We find that the same holds for dephasing noise, which
is taken into account in Fig. 2 as dark blue and dark red dashed
lines for the symmetric and asymmetric case, respectively.
We again assume a Gaussian noise with standard deviation
δB = (2π ) 0.2 MHz, where we consider independent fluctu-
ations of Bz,1 and Bz,2. The resulting dephasing time [23] is
similar to those found in Ref. [17]. Similar to the case of
charge noise the infidelity decreases first and then approaches
the noise-free line, such that the noisy asymmetrically driven
CNOT operation performs better than the noise-free symmetric
CNOT. For J = (2π ) 20 MHz we find the difference to be of at
least one order of magnitude. When considering a system with
even less noise and thus smaller standard deviations δJ and δB

the noisy asymmetric CNOT gate performs even better and is
only limited by the theoretical bound due to the off-diagonal
elements, which in our case is of the order 10−6.

Virtual ac gates. In order to realize the asymmetric driving
of a CNOT gate we introduce a linear capacitance model in
Fig. 3 to implement virtual gates for ac driving. The left and
right quantum dots are labeled by their electron occupation
numbers nL and nR and plunger gates by their gate voltages
V1 and V2. Each quantum dot is coupled to each gate, to the
neighboring dot, and to a lead on the right (Vr) for the right
dot and on the left (V�) for the left dot, respectively. Using
this simplified macroscopic model a static voltage offset de-
termines the occupation number of one electron per dot and
the time-dependent part enables the EDSR drive to manipulate
the spin. The charge on the left and right dots and thus the
sum of charges induced by conductive coupling is constant

FIG. 3. Capacitance model to realize an ac driven virtual gate:
The average electron occupation number of the left and right dots
〈nL〉 = 1 and 〈nR〉 = 1 are constant while the induced charges on the
capacitors are time dependent.

∑
γ Q̇γ = 0 (γ ∈ {�L, 1L, 2L, LR} and {rR, 1R, 2R, RL} and

Q̇RL = −Q̇LR). In the slow relaxation regime (i.e., spin and
charge relaxation rates 
c

1, 

s
1 � ω) [24] and with Qγ = cγVγ

this leads to

cαV̇α = c1αV̇1 + c2αV̇2 + cLRV̇α, (7)

where α = L, R and α = R, L and cL = c�L + c1L + c2L + cLR

and cR = crR + c1R + c2R + cLR. VL and VR are the voltages at
the left and right dot, respectively. We assume V� and Vr to be
constant and obtain the derivative solutions

V̇L = (c1LcR + c1RcLR)V̇1 + (c2LcR + c2RcLR)V̇2

cLcR − c2
LR

, (8)

V̇R = (c2RcL + c2LcLR)V̇2 + (c1RcL + c1LcLR)V̇1

cLcR − c2
LR

. (9)

Hence, the solution of VL and VR linearly depends on the
driving strengths V1 and V2 plus a constant part. To obtain an
asymmetric CNOT drive we set VR = 0 leading to a dependent
choice of the two driving strengths

V̇2 = −c1RcL + c1LcLR

c2RcL + c2LcLR
V̇1, (10)

and thus an actual driving of the left dot of

V̇L = c1Lc2R − c1Rc2L

c2RcL + c2LcLR
V̇1. (11)

Applying a cosine drive leads to a simple linear depen-
dence between dot voltage and plunger gate voltages and
can simply be realized after measuring the respective capaci-
tances. As an example with approximated values taken from
Ref. [25], we choose c1L = c2R = 6 μF, c1R = c2L = 1 μF,
c�L = crR = 40 μF, and cLR = 5 μF, and obtain V̇2/V̇1 ≈
−0.26 and V̇L/V̇1 ≈ 0.11 for the constant proportional factors
before V̇1 in Eqs. (10) and (11). Analogous to the asymmetric
CNOT in a DQD, this way ac driven virtual gates can also
be implemented on larger arrays to reduce crosstalk effects
[26,27].

The influence of the inductance of gate electrodes on an ac
driven signal can be estimated by the order of magnitude of
capacitances (10−18 F) [28], the length l and radius r of the
gates, and the distance d between gates, which we assume
to be of the same order of magnitude within the 10−7 m
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regime. At frequencies lower than ω0 = 1/
√

LC the capaci-
tive impedance dominates the circuit while higher frequencies
increase the role of inductive impedance. With L ∝ l and
L ∝ ln[(d − r)/r], we estimate L ≈ 10−13 H and thus ω0 ≈
1015 Hz. Since we apply pulses with frequencies of several
GHz, we here neglect the inductive impedance.

Conclusions. In this Letter we have shown a high-fidelity
CNOT gate implementation using an asymmetric ac drive,
where we operate only the target qubit while leaving the
control qubit alone. This way off-diagonal terms in the Hamil-
tonian leading to off-resonant Rabi oscillations are minimized
and enable higher fidelities for the CNOT gate. With our
implementation the infidelity decreases by several orders of
magnitude to 10−6 in the noise-free case. For noisy spin qubits
we predict a fidelity improvement of at least about one order
of magnitude compared to the symmetrically driven CNOT

gate, which suggests a higher fidelity in experimental setups
than so far demonstrated. For our description we assumed the
valley splitting to be large compared to the Zeeman splitting

and a spin-orbit coupling much smaller than the Zeeman
splitting.

We have further presented an estimation for the description
of virtual gates using ac drives for frequencies below the
critical frequency ω0 determined by inductances and capac-
itances within the gate-defined quantum dot architecture and
thus enable the realization of the asymmetrically driven CNOT

gate. Additionally, this implementation of ac virtual gates can
be generalized to the application to larger arrays which al-
lows a scheme for the cancellation of crosstalk effects [26,27]
and thus high-fidelity quantum operations within large qubit
arrays, and so becomes an interesting method for scaling up
spin qubit devices to realize quantum computation.
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