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Influence of Hyperfine Interaction on the Entanglement of Photons Generated by
Biexciton Recombination
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The quantum state of the emitted light from the cascade recombination of a biexciton in a quantum
dot is theoretically investigated including exciton fine structure splitting (FSS) and electron-nuclear
spin hyperfine interactions. In an ideal situation, the emitted photons are entangled in polarization
making the biexciton recombination process a candidate source of entangled photons necessary for
the growing field of quantum communication and computation. The coherence of the exciton states
in real quantum dots is affected by a finite F'SS and the hyperfine interactions via the effective
magnetic field known as the Overhauser field. We investigate the influence of both sources of
decoherence and find that the FSS combined with a stochastic exciton lifetime is responsible for the
main loss of entanglement. Furthermore, we examine the possibility of reducing the decoherence
from the Overhauser field by partially polarizing the nuclear spins and applying an external magnetic
field. We find that an increase in entanglement depends on the degree as well as the direction of

the nuclear spin polarization.

PACS numbers: 78.67.Hc, 03.67.Bg, 73.21.La, 71.70.Jp

I. INTRODUCTION

A reliable source of entangled photons is a require-
ment for many protocols used in the rapidly develop-
ing field of quantum communication!. An established
method for creating polarization entangled photons is by
parametric down-conversion?3. However, this technique
suffers from being both inefficient and stochastic, causing
problems since many quantum communication protocols
require an on-demand source. An alternative source is
thus desired, and here we consider the biexciton cascade
recombination?®. In a quantum dot (QD), the biexci-
ton, which is composed of two conduction band electrons
and two valence band holes, can under ideal conditions
recombine under the emission of two photons entangled
in polarization®¢. The biexciton recombines via one of
two possible intermediate exciton states, each consisting
of one conduction band electron and one valence band
hole.

In most quantum dots, the two optically active exciton
states are energetically separated by a quantity known as
the fine structure splitting (F'SS) arising from higher or-
der electron-hole exchange interactions” . A finite FSS
can affect the coherence of the emitted two-photon state
in two ways. If the FSS is larger than the linewidth of the
emitted light, the photons become distinguishable via a
simple frequency measurement which reveals the “which-
way” information and destroys the entanglement®. How-
ever, even if the splitting is smaller than the linewidth but
still finite, the initially coherent exciton state acquires a
random phase before recombining, due to the stochastic
life time. Methods of reducing and eliminating the FSS
include applying magnetict® and electric?4 16 fields as
well as strainl? 20,

In addition to the dephasing from a finite FSS, the in-
termediate exciton state is affected by the spins of the
10°-10% nuclei present in a III-V group semiconductor

QD. The spins of the electron?24 and hole22 27 consti-
tuting the exciton couple to nuclear spins via the hyper-
fine interaction and are subject to an effective nuclear
magnetic field, known as the Overhauser field. Because
of the large number of nuclear spins, the Overhauser field
can be considered to be stochastic and is another source
of decoherence, including an additional random phase of
the intermediate exciton state.

Experimentally, various techniques for creating entan-
gled light using semiconductor microstructures have been
demonstrated®12:28-39  One successful approach relies on
the application of an external magnetic field perpendic-
ular to the growth direction of the QD231 which tunes
the energy levels of the optically active excitons by hy-
bridization to optically inactive states. Nevertheless, a
complete theoretical explanation of the partial loss of en-
tanglement is still missing. Understanding the dynamics
of the intermediate exciton states is essential to investi-
gate the entangleement of the emitted light. In fact, any
dephasing and loss of coherence of the exciton state will
be reflected in the final photon state.

In this paper, we investigate the interplay between the
dephasing due to a finite F'SS together with a stochas-
tic recombination time and the decoherence caused by
the hyperfine interaction. One way of reducing the fluc-
tuations of the Overhauser field is by dynamic nuclear
spin polarization32:33, causing the nuclear spins to have a
preferred direction. The polarized nuclear ensemble pro-
duces a finite effective magnetic field, which may modify
the exciton energies and eigenstates. Since the elimina-
tion of the FSS has been demonstrated using an exter-
nal in-plane magnetic field, a tempting idea could be to
use the effective magnetic field produced by the polar-
ized nuclear ensemble, to reduce both the FSS and the
Overhauser field fluctuations. However, we show that
the effect from the two sources of decoherence cannot be
minimized independently of each other.

We consider the effect of finite nuclear spin polarization
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Figure 1. Energy diagram of the excitonic states in the quan-
tum dot. The topmost level is the biexciton state |L1) [T1})
consisting of two excitons. The two intermediate levels are
the exciton states |[ft) and |1{}) energetically separated by
the FSS 7w, which depends on the built-in FSS |61| and an
applied magnetic field. The lowest level is the semiconduc-
tor ground state |0), containing no excitons. The biexciton
recombines to one of the intermediate exciton states under
the emission of a photon with polarization depending on the
exciton state. The remaining exciton then recombines under
the emission of another photon of orthogonal polarization. In
the ideal situation, this creates a pair of photons entangled
only in polarization. The existence of a FSS can degrade the
entanglement, even if iw < I" where I' is the linewidth of the
emitted light because of the stochastic lifetime of the exciton
which causes dephasing and leads to a statistical mixture in-
stead of a pure state. Furthermore, because of the interaction
with stochastic magnetic field originating from the nuclear
spins in the quantum dot, the exciton energy levels are not
sharply defined, meaning that w also fluctuates which causes
even more dephasing.

and find that the entanglement of the emitted light can
be improved by nuclear spin polarization. The efficiency
of the entanglement improvement depends on the direc-
tion along which the nuclear spins are polarized, which
is explained by the fact that the g-tensor is not isotropic.
We find that the maximum enhancement of the entangle-
ment is achieved when nuclear spins are polarized along
the direction for which the g-tensor has its largest compo-
nents, in our case in the growth direction of the quantum
dot.

A nuclear polarization in the growth direction gives
an additional contribution to the FSS and therefore in-
creases the dephasing. To cancel the effective nuclear
field in the growth direction and minimize the FSS at
the same time, we propose applying an external mag-
netic field along a specific direction having an in-plane
and a perpendicular component. Combining a finite nu-
clear spin polarization along the growth direction of the
QD with an external magnetic field, we find a significant
improvement of the two-photon state entanglement.

II. THEORETICAL MODEL

We consider a QD of a cubic semiconductor contain-
ing one exciton consisting of one electron and one heavy
hole. The spins of the electron and the hole couple to the
spins of the atomic nuclei in the QD. This effect is to a
good approximation described by the contact hyperfine
Hamiltonian

N
Hyr =Y I (Agﬂsc n A](ﬂ")Sh) , (1)
n=1

where the summation runs over all nuclear spins in the
dot, I(™ is the spin operator of the n-th nuclear spin,
S is the electron(hole) spin operator, and AS(?I)
the hyperfine coupling tensors between the n-th nuclear
spin and corresponding electron(hole) spin component.
We define effective magnetic fields by moving the electron
and hole spin operators outside of the summation and
obtain

are

Hur = ppBip - 8.5 + 115Blip - 818", (2)

where g is the g-tensor for the electron(hole). The

vector B‘f{(;) is known as the electron(hole) Overhauser
field and acts like an effective magnetic field from the
perspective of the exciton. Because of the large num-
ber of nuclear spins?? (10° — 10%) for a typical quantum
dot, the Overhauser field is often modelled as a stochastic
magnetic field and will be considered further in Section
[[IIBl We consider the case of diagonal hyperfine coupling
tensors, which for an electron in a III-V semiconductor
QD can be written3? as A;"Zz x g¥Y*|F(r,)|?, where
g&¥* are the electron g-factors and |F(r,)|? is the elec-
tron density at the atomic site n. An important feature
is the dependence of the spatial direction x,y, z, which
indicates that fluctuations of the different spatial compo-
nents of the Overhauser field influence the energy of the
electron differently. Normally, the in-plane g-factors are
smaller than along the growth axis of the quantum dot.

A basis for the Hilbert space of the electron spin H,
is given by {|1),[J)}, where 1 ({) corresponds to the
spin s, = 1/2 (s, = —1/2) state, and for the heavy
hole the Hilbert space H, is spanned by {|1), [{)}, with
1+ () corresponding to the hole spin states j, = 3/2
(j- = —3/2). The Hilbert space of the exciton is given
by the product space Hx = H, ® H;, and is spanned by
the basis vectors {|{1), [T4), [T1), H4)}. The states |11})
and [{) are known as bright since they can recombine
under the emission of a single photon whereas [1}) and
|44}y are known as dark. The idealized recombination



chain of the biexciton is given by
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where |o) are photon states of circularly polarized light,
and [0) 1, is the photon (crystal) vacuum. In reality the
intermediate state undergoes time-evolution before the
exciton has recombined which may lead to degradation
of the entanglement of the emitted light. The final state
of the intermediate exciton state can be written using a

density matrix
_(p
px=(27,) ®)

where p and 1 — p are the populations of the states
lop)®@[1t) and |o_) ® [}, and 7 is the off-diagonal ma-
trix element required to describe a quantum mechanical
superposition of the basis states. Here, only there bright
excitons are taken into consideration. The concurrence
of the emitted light is then given by32

C =4yp(1-p)hl, (4)

where we note that the off-diagonal elements are essential
for the entanglement.

Under the influence of a magnetic field B =
(Bz, By, B.)T the exciton system is described by the
Hamiltonian

®10),
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(5)
in the heavy exciton basis {|{1), |[T4), [T), [44)}, where
dp is the splitting between bright and dark excitons,
|01(2y| is the FSS for bright (dark) excitons, h.. =

upB.(gi + 67); hewy = 15 (Bagiy, +iBygly, ) and
g‘;( n) are effective g-factors for electrons(holes) along the
a-axis. For the case B = B, % and 41,02 € R, the eigen-
value problem H | X) = F |X) is analytically solvable and
the two eigenenergies corresponding to the two bright ex-
citons are given by

_ 81+ 83+ /(200 + 61 — 02)2 + 4(g2 + g1) 23 B

B 1
(6a)
g, —01 =02+ V(200 — 1 + ) + 4(97 — 6})* 1B B2
2 = )
4
(6b)

Similar expressions were found by Bayer et. al2¢, where

it should be noted that our expressions differ slightly,
due to a sign error. Demanding the bright exciton states
to be degenerate, i.e. E; = Es, gives an equation for a
critical field B,

281+ 82) + /(200 + 81 — 82)2 + (g2 + 97) 2R B,

=/ (200 — 81 + 82)2 + 497 — g7)2} B2,

(7)

for which the FSS vanishes. The FSS can be written
FE, — E», which may be expanded in Maclaurin series in
B, to the second order, which gives the approximation

1 (4929500 — (922 + g77%) (61 — 62)]
162 — (01 — 85)?

ﬁw(Bw) ~ 01+ Bg'
(8)
A similar expression was also presented by Stevenson et
al2t. Solving w(B.;) = 0 provides an expression for the
critical magnetic field, given by

B, — + 31 (61 — 02)* — 443]
“ 13 (492860 — (922 + g3%) (01 — 02)]

For the general case involving arbitrary mangetic fields
and complex d1,d2, an analytical diagonalization of the
Hamiltonian in Eq. (@) is not known. However, the en-
ergy splitting between the bright and dark excitons dg
is larger than all other relevant energies, including the
magnetic coupling elements. Therefore, we can apply
the Schrieffer-Wolff27:38 transformation, which provides
us with an effective Hamiltonian for the bright exciton
subspace:

9)

H = Hy+ H,, (10)
where
o=y <50 A flhz) | (1D
and
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with bep) = ,uBBzgj(h). The FSS hw can now be found
by solving the eigenvalue problem

Hn) = By |n) (13)

for n = 1,2 and taking the difference hw = |Ey — Es|.
Using the explicit form of H given by Eqs. () and (I2)

we find
hw =1/ Q3 + QF, (14)



where
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Qp = |6, + = 200eltn 1 O0he 16
S by R (16)

Demanding that w(B¢;) = 0 again defines critical mag-
netic fields, not necessarily along &, for which the FSS is
eliminated. Inspecting Eq. (I4]), we realize that w = 0
only if 21 = 0 and Q5 = 0. 7 can be tuned to zero by
adjusting the total magnetic field along 2. 2 depends
on in in-plane components of the magnetic field, B, and
B, and the bright exciton coupling ¢;, which may be
complex. The phase of d; is related to the geometry of
the quantum dot whereas the phase of h}h; depends on
the anisotropy of the g-tensors. For a quantum dot with
an isotropic in-plane g-tensor, hXh is real and in this
situation, no magnetic field can completely eliminate the
FSS caused by a complex d;. However, §; € R combined
with a isotropic g-tensor, Eq. (IQ) reveals that hlh, <0
is a criterion for the existence of a magnetic field such
that Q2 = 0. In turn, this requires that the in-plane g-
factors of the electron and hole have opposite signs and
this implies that not all quantum dots can be tuned to
support degenerate bright excitons, also noted in exper-
imental work3136 where InAs dots surrounded by differ-
ent barrier materials were studied. The corresponding in-
plane g-factors were extracted, and here the values for the
case of Alg33Gag g7As?! as the barrier material are given
in Table [l Experimental??>4? and theoretical*! studies
show that the g-factor of InAs and InGaAs QDs can be
tuned over large range of values and here we use g2 = 2,
g7 = —b to give a total exciton g-factor g2 + gj = —3,
measured in experiments3?.

There are two main sources of loss of entanglement: (1)
the fine-structure splitting combined with the stochas-
tic exciton life time and (2) the stochastic Overhauser
field that affect the intermediate exciton state. Both
mechanisms lead to the acquisition of an unknown phase
which causes a reduction of the entanglement. To inves-
tigate further, we consider the effect of the two above-
mentioned mechanisms on the density operator of the
intermediate exciton state. We choose the diagonal basis
[1) ,]2) which are eigenvectors of H, and an initial density
operator in matrix form as

p(t =0) = (p” p12) , (17)

P21 P22

where p11 + p22 = 1 and pjy, = p21. We can now deter-
mine the time-evolution for the density operator via the
Heisenberg equation of motion,

ihp = [p,f{], (18)

which has the solution

Twt
P11 p12€
t > 0 - —iw 9 19
pl>0) = (, P 72 (19)
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Figure 2. Comparison between the concurrence of a stochastic
FSS with a definite recombination time C(¢) and the con-
currence in the presence of a known FSS with a stochastic
recombination time C2(7). (a) The concurrence of the en-
tangled light C1(t), when a stochastic Overhauser field with
0z = 0y = 0, = 5 mT causes an unknown relative phase
between the exciton states when the exciton undergoes time-
evolution of ¢t = 1 ns. (b) The concurrence of the entangled
light Ca(7) when the known FSS causes an unknown rela-
tive phase between the exciton states. The exciton undergoes
time-evolution for a stochastic recombination time, which on
average is given by 7 = 1 ns. We see that there is a trade-off
when attempting to minimizing both sources of decoherence
since at By = Ber & 1 T, C2(7) has a maximum, while C1(t)
has a minimum. This indicates that both sources of decoher-
ence have to be taken into consideration simultaneously.

with the FSS w given by Eqs. ([@4)-(&). If the FSS is
stochastic as one would expect from an Overhauser field
we may find its contribution by statistical averaging

oo wwt
P11 p12€
= w - dw 20
<p> /_ fﬂ( ) <p21€—zwt D22 ) ) ( )

where fq(w) is the probability density function of the
FSS. For the quantum dot hosting the exciton we assume
a stochastic Overhauser field with Gaussian distribution.
The FSS, however, does not have a Gaussian distribution
because of the nonlinear way the exciton eigenenergies
depend on an applied magnetic field, given by Eqs. (I4)-
(IG)). Therefore, the statistical averaging is performed by
considering a Gaussian distribution for the Overhauser
field with the probability density function

1 —B2/202—B2 /202 — B2 /202
N 2/ 40 y/ 40 2/402 21
0,00, (27)3/2 ‘ ’ - (21

f8(B) =

where 0, 0y, 0, are the standard deviations of the Over-
hauser field along &, ¢, 2. We numerically evaluate

0 eiw(B)t
w= mm( m P )m,&m

p21€” P22



z

9c”| 9n” 19¢|9i| o |7
1.21{-0.13| 2 |—5|50 yeV |10 peV|1 ns

Table I. Table of the parameters for an InAs quantum dot
surrounded by GaAs, used in the numerical calculations, re-
ported from experiments®:. The condition that g%gl < 0 is
necessary to allow the elimination of the FSS. §; is in general
complex, but here chosen real.

using the parameter values given in Table[l, from which
we can extract an entanglement measure, here the con-
currence C1(t) by using Eq. ().

To investigate the effect of the stochastic exciton life
time we consider a Poissonian recombination process
which corresponds to an exponential life time ¢ with prob-
ability density function f;(t) = e~*/7/7 where 7 is the
average life time. Calculating the statistical average of
the density matrix gives

(p) = / R L
0 T \pae™™t pa

P12
— ( gll 1+iw7’)
21 )
1—iwT P22

which also have decaying concurrence®? Co(7) o
|1 4+ i w7 |~! for w# 0. This suggests choosing w < 1/7
to maximize the concurrence. The two different concur-
rences are shown in Fig. 2l We can see that there is a tar-
get conflict when applying a magnetic field along . For
a critical magnetic field strength B, = B, the fine struc-
ture splitting is eliminated and C2(7) has a maximum,
but the concurrence C;(t) when considering a stochas-
tic magnetic field from the nuclear spins has a minimum.
The reason is that the F'SS is most sensitive to changes in
the magnetic field at this point. To obtain a more com-
plete picture we need to take both sources of decoherence
into account simultaneously, which we achieve by aver-
aging the concurrence in Eq. (23] using the probability
distribution for the stochastic magnetic field fg(B) given
by Eq. (2II), which is done numerically by evaluating

C(T):‘/_Z%dw . (24)

(23)

III. RESULTS

To obtain quantitative results, we choose a set of pa-
rameter for the quantum dot given in Table [l

A. Dominant Source of Decoherence

In order to improve the concurrence we first establish
which source of decoherence causes more loss of concur-
rence, the FSS or the Overhauser field. From Fig.
this is not obvious, because at B, = B, the FSS is min-
imized but the dephasing from the Overhauser field is

maximized. Taking both into account and allowing in
addition a magnetic field to be applied along Z as well we
find the concurrence as function of the applied magnetic
field depicted in Fig. Bl

We see that the two global maxima are located at
(By = £Ber, By = 0,B, = 0) which indicates that the
FSS is a stronger source of decoherence than the Over-
hauser field. Still, the concurrence does not reach unity
but is rather close to the minimum observed in Fig. 2h.
From these observations we conclude that in order to
maximize the concurrence, we should keep B, = +B; to
eliminate the FSS and now focus on reducing the uncer-
tainty of the Overhauser field. One way of achieving this
is to polarize the nuclear spins, which has been exper-
imentally realized4® 4?2, and is investigated in the next
section. In addition to the two global maxima, there
are four local maxima located close to |By| = 1.5 T,
|B.| = 0.25 T. Although the concurrence is smaller at
these points than at the global maxima, they indicate
the significance of including the effects of both sources of
decoherence simultaneously.

B. Effect of Nuclear Spin Polarization

It is clear that, within our model, when the FSS is elim-
inated, the remaining reduction of the entanglement orig-
inates from the Overhauser field. To investigate how the
fluctuations of the Overhauser field vary as function of
the nuclear spin polarization we consider a simple model
for the Overhauser field along one spatial direction

M
B=Y Anph, (25)
n=1
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Figure 3. Concurrence when the combined effect of dephas-
ing from a stochastic magnetic field due to the nuclear spins
and a stochastic exciton lifetime is considered. The maxima
occur when the FSS is eliminated and reach values limited
by the dephasing from the stochastic Overhauser field. This
indicates that the dominant source of decoherence is the FSS
combined with the stochastic lifetime of the exciton. An im-
provement of the maximum concurrence can be achieved by
reducing the Overhauser field fluctuations. There are also four
local maxima located roughly at |B.| = 1.5 T, |B.| = 0.25
T, demonstrating the importance of treating both sources of
decoherence simultaneously.
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Figure 4. Concurrence as function of nuclear polarization an-
gle ¢ and applied magnetic field BS** along 2. We assume
a fixed degree of n = 90% polarization along (ng,0,n.) =
(siny, 0,cos p). The total magnetic field is given by B =
(BE** 4 7 Bmax sin ¢, 0, 0), which implies an applied magnetic
field B = —nBmaxcos along 2. For every angle of po-
larization, there are two values of the external magnetic field
maximizing the concurrence, which are located at B, = £ B,
which minimizes the FSS.

where M is the number of nuclear spins, ,, are binary
stochastic variables taking the values £1 with probability

e:i:S
+1) = ———— 26
palEl) = . (26)
where
uBgNDBo
kgTn | (27)

gn is the nuclear g-factor, By is an external magnetic field
and T is the nuclear spin temperature. The polarization
7 is given by

S )

e —e
= m = tanh S, (28)

n= ()
and the variance is consequently
o? = (B?) — (B)? =sech® S =1 — . (29)
In Appendix [Alit is shown that
B ~ N(Mn,C(1 —n?), when M — oo, (30)

where N(u,0?) is a Gaussian distribution with mean p
and standard deviation o, M is the number of nuclear
spins, and C depends on M and A,. Typically, C will
have to be determined experimentally or by numerical
simulations and we do not attempt to calculate it here,
but the general form Eq. (BU) does not depend on the
specific QD. Since the fluctuations of the Overhauser field
decrease with increasing polarization we now assume that

the nuclear spins are polarized to degree n along n =
(na,ny,n.)", where n2 +n? +n? = 1. The assumption
that the nuclear spin can be polarized along an arbitrary
direction relies on experimental demonstrations®. This
gives an effective magnetic field Byr = Bpaxm, with
variances

(02, ‘72’

02) = (Cull = n*nZ], Cy[1 —n*n], C2[1 — 1*n2)]) .

(31)
Together with the applied magnetic field Bext =
(B, B, BT the total effective magnetic field de-
pends on 7 variables: Bg*', BeX', B9, ny, ny,n, and 1.
In order to narrow the search for optimal parameters,
we make the following observations: first, £ and ¢ are
equivalent and we set n, = B, = 0. Second, Fig. [
shows that the concurrence C(7) has its maximum for
B. = 0 and we thus set B&' = —Byaxnn.. Finally we
let tan ¢ = n,/n, and the total effective magnetic field
is given by

B = (1Bumax sin g + BY)z, (32)

and depends on the three free parameters 7, , and B,
For n = 0.9 the result is shown in Fig. dl and we find that
for every ¢ there are two applied magnetic fields along B,
locally maximizing the concurrence. As expected from
the discussion in the previous section, these occur when
B, = £B... We may thus set B, = B, and study con-
currence as a function of the polarization angle ¢ which
is shown in Fig. Bl where we observe that the concur-
rence is maximized by minimizing fluctuations along 2.
Finally we can investigate the concurrence as a function
of polarization, shown in the inset of Fig. We find
that an increased nuclear spin polarization along 2 leads
to an increased concurrence. We also see that a nuclear
spin polarization perpendicular to Z has almost no effect
on the concurrence. This can be explained by the fact
that the g-factors for the z- and y-directions are much
smaller than the one along z.

IV. SUMMARY

We have theoretically investigated the entanglement
between two photons emitted from a cascade recombina-
tion of a biexciton in a quantum dot. The entanglement
was examined using the concurrence as a quantitative
measure. We considered the two main sources of loss of
concurrence, the FSS combined with a stochastic inter-
mediate exciton lifetime and the stochastic Overhauser
field. We found that the FSS is the dominant source of
decoherence and must be minimized in order to maxi-
mize concurrence. Furthermore, we showed that reduc-
ing the uncertainty of the Overhauser field by nuclear
spin polarization together with an applied magnetic field
along a certain direction can improve the concurrence of
the emitted light. The increase in entanglement depends
strongly on the degree as well as the direction of nuclear
spin polarization relative to the growth axis of the QD.
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Figure 5. The concurrence under the condition
(BzyBy,B.) = (Bcr,0,0) for different degrees n and

angles ¢ of the nuclear spin polarization. The nuclear spins
are polarized along (sinp,0,cos¢) and we can observe a
strong dependence on the angle. For a polarization along &
(¢ = £7/2) the increase of concurrence is almost absent in
comparison to a polarization along 2 (¢ = nm, n € Z). Inset:
Concurrence as function of the nuclear spin polarization
along & (purple) and £ (cyan). A nuclear polarization along
2 leads to a significant improvement in concurrence whereas
this effect is all but absent in the case of polarization along
Z. Although polarization along any direction n would lead to
a reduction of the fluctuations of the Overhauser field along
n, because the in-plane g-factors are smaller than along the
growth direction, in-plane fluctuations have less effect on the
FSS.

This effect is caused by the difference between in-plane
g-factors and the g-factor along the growth direction.
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Appendix A: The Probability Distribution of the
Overhauser field in a QD

In this section we show that the probability distribu-
tion of a weighted sum of N identical stochastic vari-
ables approaches a Gaussian distribution when N — oo.
This is closely related to the well-known Central Limit
Theorem®! in probability theory. Here we make small
extension by considering a sum of identically distributed
variables with different coefficients. The aim is to find
the probability density function for the sum

N
Y =) an X,
n=1

where X,, are identically distributed stochastic variables
with expectation value E[X] and variance o2, and a,, are
finite coefficients which, in general, also depend on N.
For a QD we may choose the coeflicients to match the
electron position probability density function:

(A1)

_ (=24 nl/N)|?

ap = N , (A2)
which implies that
al |0 (—1/2+nl/N) |2
i, 2 an = ]JB;OZ N
n= o (A3)
S LICIREt
—1/2

where [ is the size of the quantum dot. We introduce new
variables with vanishing expectation value,

X, = X, — E[X,], (A4)
and form the new sum
~ N ~
Y =) a, X (A5)
n=1
which is related to Y by
Y =Y + X(N)E[X], (A6)

where

N
=> an. (A7)

The characteristic function of Y is given by

(A8)

lfiV[ () %H(l_a02t2>

where ¢ ¢ is the characteristic function of any of the X,
which we expand Taylor series to the second order in the
second step. Now we consider

N a2 o?t?
oy (t) ~ exp [Z In (1 - t )] (A9)

and et
a? 2 242 N oo a2k o2k 42k
Zln<1— )——ZZT (A10)
n=1k=1
Sl 0.2 t2 Sk O'2kt2k
T 9N ok N2k—1" (Al1)
k=2
where
l
Sk:/ 10 (2)|* da. (A12)
0

We make the restriction that |¥(x)|? is bounded on [0, ]
which means that there is some constant C' such that
|U(z)|?> < C. This also ensures the existence of all Sy
and for N approaching infinity we may keep only the
first term in Eq. (A1) and we find

242
Slat ), (A13)

~ t ~ J—
‘Py() exp( ON

and from this we obtain the probability density function
of Y as

= oo (-5). (A

which is a Gaussian distribution with variance Sjo%/N.
S1 depends on the the coefficients a,, but the general form
is always a Gaussian distribution regardless of what wave
function is considered.
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