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We present a scheme for full quantum state tomography tailored for two spin qubits in a double quantum
dot. A set of 15 quantum states allows to determine the density matrix in this two-qubit space by projective
measurement. In this paper, we choose a set gained from mutually unbiased bases. We determine how those 15

projections can be represented by charge measurements after a spin-to-charge conversion and the application of
quantum gates. The quantum gates include exchange-based gates as well as rotations by electron spin resonance
(ESR). We assume the experimental realization of ESR operations to be more difficult than the exchange gate
operation with respect to fidelity and speed. Therefore it is an important result that the ESR gates can be limited
to a 7w /2 rotation for one of the electron spins per measurement.
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I. INTRODUCTION

Since electron spins in quantum dots were proposed'
as qubits, a lot of experimental progress has been made
with a two-electron double quantum dot as the basic cell
of this kind of quantum computing; time evolution due to
exchange interaction was demonstrated” as well as electron
spin resonance (ESR) of one electron spin.? Recently, Brunner
and coworkers* demonstrated both, exchange interaction and
ESR rotation in the same double quantum dot. In principle,
this allows to perform arbitrary quantum gates in this system.
Ultimate control of a quantum system can be demonstrated in
experiment by state tomography, i.e., gaining full information
of a quantum state, in general described by a density matrix.
Since the density matrix is Hermitian with trace 1, it can be
described by N? — 1 real parameters for a N-dimensional
Hilbert space. Therefore, from repeated projection of the
unknown quantum state onto at least N> — 1 known states,
the density matrix can be reconstructed from experimental
data. A higher number of different measurements can increase
the precision.” The experimental values of measurements are
not perfect due to external noise and because they are not
performed infinitely often. This may lead to unphysical results
for the estimation of the density matrix by violating the
non-negativity condition. By applying maximum likelihood®®
or Bayesian’'® methods those results can be avoided.

State tomography was done in nuclear magnetic resonance
experiments with qubits encoded by nuclear spins'’ and is
well established for experiments with trapped iones'®!? up to
eight qubits.? It was also performed with superconducting
qubits.>!>?> For spin qubits, state tomography was done for
qubits represented by the singlet and one triplet level of two
electron spins in a double quantum dot for the single-qubit??
and the two-qubit** cases as well as recently for an exchange-
only qubit built by spin states of three electrons in a triple
quantum dot.?>

Here, we present a measurement scheme for determining
the unknown mixed quantum state of a two-qubit system
realized by two electron spins in one double quantum dot. A
complete set of measurements for the two-qubit space is, e.g.,
given by James et al.,” in that case referred to the polarization
of two photons. We use another series of projections, which is
based on a set of so-called mutually unbiased bases’*?° and
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which includes entangled states in contrast to Ref. 7. In this
issue, our scheme also differs from the scheme used in Ref. 24
where the state of each of the two qubits, both encoded in one
two-electron double quantum dot, is measured separately and
the density matrix is determined using correlation data. The
measurements we propose are projections on one-dimensional
subspaces of the four-dimensional Hilbert space and thus
joint measurements on the full two-qubit space. An important
result of our paper is that these measurements can be done
by applying ESR maximally for a 7 /2 rotation on one of the
electron spins per measurement. There are two reasons why an
experimentalist may want to avoid long ESR-based rotations.
First, ESR rotations are slower than exchange-based gates.
According to Ref. 30, the shortest operation times realized
for an ESR 7 rotation are 20 ns®! for lateral quantum dots
and 8.5 ns*>3* for quantum dots in nanowires whereas the
shortest time for an exchange-based SWAP gate is 0.35 ns.”
In the experiment of Ref. 4, where both ESR and exchange
interaction are realized, the time for a complete ESR 7 rotation
was around 400 ns, whereas an exchange-based SWAP gate
was achieved within 10 ns. Second, we assume the ESR gates
to have a lower fidelity than exchange gates.

In Sec. II, we describe the double-dot system with two
electrons and the possible manipulation of the quantum states.
Section III provides information on the matrix space for the
traceless part of two-qubit density matrices and on properties
of a basis in this space represented by pure quantum states.
The main result of this paper, a scheme for constructing such a
set of quantum states using quantum gates and spin-to-charge
conversion, is given in Sec. IV. In Sec. V, we discuss how
the influence of imperfection in the quantum gates might be
treated in experiment, before we conclude in Sec. VI.

II. PHYSICAL SYSTEM

We consider a double quantum dot with two electrons taking
only the lowest (orbital) energy level in each dot into account.
Therefore, due to the antisymmetry of the wave function (Pauli
principle), we have a six-dimensional Hilbert space since we
have one state with both electrons in the left dot, one state with
two electrons in the right dot, and a four-dimensional space
with one electron per dot. We will denote charge states with
n; electron in the left and n, electrons in the right dot with
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(n;,n,). The Hamiltonian, taking into account the difference
between the energy levels, ¢, the Coulomb penalty for both
electrons in the same dot, U, and the hopping matrix element
between the dots, ¢, reads

U
H = S =)+ 5 Y wili = 1)

i=1,2

1Y (@l + e, (1)
s=t.)

where the operators of the occupation number in the dots, 71
and 7 are given by A; = Zs:T,¢ éjsé,'s.

We will consider the states with charge configuration (1,1)
as logical Hilbert space and regard the electron spin in each
dot as a quantum bit. The aim of this paper is to give a
scheme for determining an unknown density matrix of this
two-qubit space. In the limit |¢| < |U % ¢|, the (1,1) states
are approximately decoupled from the states with charge
configuration (2,0) and (0,2). For this case, the effective
Hamiltonian for (1,1) states can be obtained by applying a
Schrieffer-Wolff transformation,3*

Ha =172 oy @)
with J = 41‘2U/(U2 — &%), and where o, is the vector of Pauli
matrices for the electron spin in dot i = 1,2. Note that Hg
is given by —J times the projection operator Pg on the spin
singlet |S) = w because only an antisymmetric state

can couple to the (0,2) and to the (2,0) space. The strength
of this exchange coupling, J, can be tuned in experiment by
varying € or t.

We now consider in addition to the exchange interaction
above a magnetic field yielding the Zeeman Hamiltonian

Hg =h; -0, +h; -0, 3)

Let us restrict the discussion first to a magnetic field only in
z direction, h; = hy,e,, h, = hy.e,. The homogeneous part
of the magnetic field, i, = h1+h2, splits off the triplet states,
because |7.) = |11) and |7-) = |||) obtain the Zeeman

energy +2h,, whereas |Tp) = W is not affected. A

gradient in the magnetic field, described by Ah, = hy, — hy,,
leads to a mixing of |S) and |Tp). If |[Ah,| and |h,| are large
compared to 412 /U, which is the value of J for ¢ = 0, then
the energy eigenstates with charge configuration (1,1) are
approximately |7), |T-), [14), |1 1). Athigher values of ¢, | S)
becomes an energy eigenstate, see Fig. 1. Different directions
in the magnetic field in the left and the right quantum dots can
additionally induce an avoided crossing between |11) and |S).

Projective measurements on the two-qubit space are done
by charge measurements after a spin-to-charge conversion, -3
which we describe in the following. For ¢ = 0, the four lowest
energy levels belong to states with charge configuration (1,1),
which constitute the logical subspace of the system. The
starting point is an arbitrary state [} in this logical subspace
and ¢ = 0. By changing gate voltages, ¢ can be increased to
a value higher than U, modifying the spectrum to a situation
where the state (0,2) is the ground state of the system, see
Fig. 1(a). Performing this varying of ¢ backwards in time
would map the (0,2) charge state on one specific state in the
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FIG. 1. (Color online) (a) Spectrum of a two-electron double
quantum dot with a magnetic field with |h.| > |Ah,| > 4t>/U, h.,
Ah; < 0 for small values of € and ¢ close to U. The avoided crossing
between |S) and |[11) at the blue dotted line is induced by slightly
different directions of the magnetic fields in the left and the right dot.
(b) Three ways to tune ¢ to achieve projection on |1 ), dash-dotted
(green) line, on |S), dashed (red) line, and on |1 1), solid (cyan) line.
Note that the ¢ axis and the time axis are broken.

logical subspace, |/,). The forward procedure thus converts
the [v) amount of |¢), given by (V|¥)|¥y), to the (0,2)
charge state and the remaining contributions of |y) are still
in charge configuration (1,1). Therefore, measuring a charge
state (0,2), corresponds to a projection onto the state [v) in
the logical subspace. Now, we will consider three different
cases shown in Fig. 1(b) and explain which is the state |)
for the different time dependencies of £. Assuming we are in
the situation shown in Fig. 1(a), then a slow change of ¢ from
0 to a value higher than U would be an adiabatic transition
of the |T,) state to the (0,2) state. If we increase ¢ slowly
from O up to a value below the avoided crossing between |S)
and |7, ) and then proceed fast through this avoided crossing,
the charge readout effectively projects onto the state |1]). An
overall fast transition yields a projection onto |S). We will
use this three different kinds of projection in our scheme
for state tomography in Sec. IV. In the state-tomography
experiment for the S — Ty qubits?>?* the projections onto
[14) and onto |S) were used. To allow projections onto other
than the three states described so far, we assume quantum
gates to be applied prior to the sweep. In principle, more
complicated transitions are possible and they are described
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by a Landau-Zener transition.’”-*® State preparation is done
in the opposite direction by converting the (0,2) state in a
well-defined (1,1) charge state.

It has been shown that the exchange interaction together
with arbitrary single-qubit rotations allows for universal
quantum computing,' i.e., every unitary operation can be
constructed from these elementary gates. To achieve full
control on a single qubit, a tunable magnetic field in one
direction is necessary with individual tuning for each dot. We
assume the magnetic field to point in z direction. Therefore
the vector on the Bloch sphere, which represents the qubit
state, performs a rotation around the z axis. The individual
tuning of the magnetic fields in both dots (field gradient)
together with control over the pulse times thus allows for
controlling one angle on the Bloch sphere of each spin.
Additionally, rotations on the Bloch sphere around another
axis than the z axis are required, which can be done using
ESR. This requires an oscillating magnetic field orthogonal
to the axis of the time-independent magnetic field. For a
single qubit in resonance, the Hamiltonian is given by Hgsg =
h,o, 4+ h,cos(2h;t)o,. The frequency of the oscillation is
the Larmor frequency %, of the constant field. For , < h;,
the corresponding Schrodinger equation can be solved ap-
proximately by using a rotating wave approximation. Then
the result reads |1/ (¢)) = /"% ¢!":'/29¢|4(0)). By going from
the laboratory frame to a rotating frame with frequency 2#,
around the z axis, an ESR pulse can be expressed as a mere
rotation around one axis, see Appendix D. However, this does
not completely resolve the issue of the required control over the
pulse times as introduced above as control over the z rotation.
The first reason is that a phase shift in the ESR oscillation,
cos(2h;t) — cos(2h,t + pqpirr) can occur randomly, when the
pulse times are not controlled, and this can change the axis of
the ESR rotation. Second, the gradient between the magnetic
field in the left and the right dots requires control as the frame
of reference is the same for both qubits. The frequency of
the rotation around the x axis is determined by the amplitude
of the oscillating magnetic field in x direction. As quantum
gates are desired to be fast, the value of 4, is supposed to be
as large as possible. While a strong high-frequency magnetic
field is hard to realize experimentally, Brunner et al.* used
an inhomogeneous magnetic field and achieved an effective
time dependence in the Zeeman Hamiltonian by applying an
ac voltage shifting the electron back and forth. Due to an offset
in Zeeman energy between the dots, it was possible to perform
ESR on each of the dots separately. Since exchange interaction
was performed as well, in this double dot sample, operations
allowing for full control on the two-qubit space have been
demonstrated experimentally.

III. GENERAL CONSIDERATIONS ABOUT
TWO-QUBIT TOMOGRAPHY

We want to find a scheme for state tomography for the
two-qubit space. This means the scheme has to provide the
full information of the density matrix p, which is a Hermitian
4 x 4 matrix with trace 1. Therefore we need at least 15
different measurements to determine the 15 real parameters
describing p. In the space of 4 x4 matrices, we can
introduce the scalar product (A|B) := tr(AT B) and the basis
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{Dkzﬂ”—zdzf withk=4i + jandi,j € {0, x=1,y=2,z=3}}
where 01; :=0; ® 1 and 0y; :=1® o; are Pauli matrices
for the first or second spin, and 0,9 = 1. Note that
this basis is orthonormal with respect to (-|-)); because
(01i02j|01k02) M = 48,18 ;. We can expand p in the { Dy } basis,

15
p= Z PrDi. “
k=0

We know already that all p; are real because p is Hermitian
and that py = 1/2 due to the trace condition. The aim of the
tomography is to determine every parameter oz, k = 1, ...,15.

Estimations for pj,...,p;s have to be acquired from
experimental data. In the physical setup, we consider in this
paper, measurements are done by measuring the charge state
after increasing the detuning . This converts a state from
the logical spin space (qubit space) with charge configuration
(1,1) to a (0,2) charge state. In the previous section we
found conditions under which this leads to a projective
measurement on either [1), |S), or |T;). We assume that
universal quantum gates are feasible and, therefore, any other
state could have been mapped by a unitary operation onto
the state that is converted to the (0,2) charge state. Therefore
spin-to-charge conversion and universal quantum gates allow
for a projection onto an arbitrary state |¢). Each measurement
within the tomography scheme will project onto a state
|¢;) and thus yields tr(|¢p;){(¢;|p). The projection operator
P; =¢;){¢;| is also a Hermitian 4 x 4 matrix with trace 1,
which means (P;| Do)y = 1(P;|1)y = 1/2. Nevertheless, P;
can be expressed in terms of the six real parameters*for the
state |¢;). For P; given in the 272/ basis, see Appendix A. We
are seeking a set {|¢;)} that provides full information of p. If
15 projectors fulfill the condition that { P; — 1/4, j=1,...,15}
is a basis in the space of traceless 4 x 4 matrices, we call these
projectors a minimal set or quorum.

We introduce the invertible 15 x 15 matrix P with

Pi = (Pj|Di)y with jk=1,...,15, 5)

i.e., considering only the traceless contributions of the pro-
jectors P;. Since tr(P;p) = % + 2,1(5:1 Pk px, the parameters
pr are given by pp = 2;5:1 P,:jl(tr(PJ-p) — ﬁ). We obtain
an experimental estimation m; for tr(P;p) by dividing the
number of the charge state (0,2) outcomes by the number
of experimental runs for the jth projection experiment. This
statistical data does not yield the exact values of p; but
estimations for it, which we call g; and which are by linear
reconstruction given by

=P : : (6)
P15 mis — 3

Although the maximum likelihood method would be preferred
over the linear reconstruction for practical purposes we want
to consider Eq. (6) in order to obtain information about
the influence of P on the statistical error expressed by the
covariance matrix Cy; = E[(p; — p1)(Pr — px)] where E(-) is
the expectation value of the probability distribution, which is
given by the density matrix p and the set of measurements
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P, ..., Pis. Note that E(-) is in general not expressed by the
quantum mechanical expectation value tr(Op) of an operator
O, but this is the case for those operators which are directly
measured, i.e., for every j = 1,...,15 we have a binomial
distribution with the number of trials, N;, and the probability of
success tr(P; p). The probability dlstrlbutlon for the indirectly
obtained stochast1c variables g, has to be gained using the
matrix P. Using Eq. (6), we find for the covariance matrix

15 15
> Pilmj —u(Pip)] Y lm; —
j=1 i=1

w(Pip)IP; !

—ZPk, E{[(m; — u(P;p)llm; — w(Pip)} P, (7)

i,j=1

=Bj;

which is equivalent to C = P~'B(P~1T. Our aim is to find a
set of measurement for which every value |Cy;| is small. The
covariance matrix of the measurement results, B, is given by

Bji = 8;; tr(P;p)[1 — tr(P;p)]/N; < 8;i/(4N;) as a property
of the b1n0m1a1 distribution describing m ;, and the upper
limit is reached if tr(P;p) = 1/2. Using the adjugate matrix,
(adj P)g = (=D det(P,;/x), where P/ is the matrix one
gains by deleting the /th row and the kth column of P, to
express the inverse of P, we obtain

(P o)L —
N;

tr(Pjp)]

15
ICul = > _Py'P;
j=l1
15 . .
< Z |(adj P)xj(adj P)y;|
= 4Nj det(P)z

The length in matrix space of P; —1/4, i.e., a row of P, is

P =P — Ly =

the Gram- Schmldt orthogonalization, yielding upper limits for
| det(P)| as well as for the matrix elements of the adjugate
matrix of P, which are determinants of 14 x 14 matrices
gained from P by deleting one row and one column. For adj P
we find |(adjP)y;| < (%)%. Assuming N; = N, =
N5 = N, this results in the following inequality:

ol < 15" 006682
YIS AN deuPR T N deuPy

®

\/? A determinant is invariant under

€))

We now concentrate on maximizing the value det(P)>. The
upper bound for |det(P)]| is given by (f—‘ﬁ ~ (0.1156, which
would be reached if the rows of P were orthogonal, which
means the 15 projectors P; have to fulfill

(Pj = 1/4|Pc — 1/4)y = 0 & (P;| Py = [($)10)
=1/4 for j#k. (10)

In Appendix B, we prove that this is not possible.
|
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The quorum from Ref. 7 for the two-qubit space, after
translation from photon polarization states to spin states,

reads {[£9), 1), 141): [y 1) 11y b 10 d) 100, 114y,
1t Hy b 110 1110, 111 11930, 1y 1)), where
(1,0 = i3 1y ) =D ang |1, = D We have

removed the state || | ) because 15 states are sufficient here.
These basis states are all separable and lead to |det(P)| =
~ 2 x 1073

A better result can be obtained by the well-known concept
of mutually unbiased bases.?®?* Two bases in Hilbert space
are called mutually unbiased if a state of the first basis has
the same overlap with all states of the second basis. The idea
of mutually unbiased bases originally referred to a situation
where N + 1 observables in an N-dimensional Hilbert space
are measured,?® and each of these measurements yields, in
the non-degenerate case, the probabilities for being in the
corresponding N eigenstates, which are here chosen to be
basis states of one of the mutually unbiased bases. In that
case, it was shown that the mutually unbiased bases represent
an optimal set to determine p in the sense of minimizing
the statistical error.”’ For the projective measurement by the
spin-to-charge conversion, which we consider in this paper,
the situation is slightly different since every projection is done
by another measurement. In particular, it is not necessary
to measure all 20 probabilities; it suffices to perform the
projective measurement for three states out of the four states in
each of the five bases, providing a basis in the 15 dimensional
matrix space, and consequently a minimal set of projectors.
It has been shown that for a N-level system a set of N 4 1
mutually unbiased bases exist if N is the integer power of
a prime number.2” Hence, for our four-dimensional case,

five bases {|¢o,1),|¢0,2),100,3),100.4)}, ... A1Pa1), ... |da4)}
fulfilling

1
512

1—-946;
(il Bum) > = 818m + ——L (11)

can be found. Note that states from different bases with
numbers j # [ fulfill |(¢ jk|¢1m)|2 = %, which is the condition
(10). This means that the matrix space spanned by the
traceless parts of the corresponding projectors contains five
three-dimensional orthogonal subspaces. On the other hand,
the states in the same basis are orthogonal in Hilbert space,
(Djk|Pjm) = Smk- We show in Appendix C that this always
leads to | det(P)| = 55 = 0.03125.

IV. EXPLICIT CONSTRUCTION
OF SPIN-QUBIT QUORUM

We use a set of mutually unbiased bases given in Ref. 28
and present an explicit construction of the following 15 states
out of these bases, forming a quorum,

]1+O’1Z + 02; + 01;02;

V) =I111), b= - ’
1 — 0y, —

V) = 11)), Pr= + o1 Zzz 011021’

) = SWAP [11) = |J1), Py = =0 T 02 = 0102

4 k]
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i 14 01x + 02 + 0102«

[Yy) = €275 /SWAPE' ¥ |S) = [4,1,), Py = 4 ;
[Ws) = €29 |yhg) = |4, 1,), Ps= I—o +<:2x — oo

W) = 37 ) = [1,4,), Py = o0 R

Y7) = e TR |y = |4,1,), Py = ront (}y + oo

W) = €27 |y7) = [1,1,), Py = L +042y — oy

Yo) = 61 g = I1,4,), Py = i TR TN

o) = el |gy  pyy o LT 9102 T BNl

[W11) = €29 |Yr), Piy = I — o100 + leﬁzy + Ul}vdzz’

[W12) = €' 29% |Yr0), Pip = L+ 01.00, + C;lefzy — oo

W) = e TR0 gy pyy = LE IO Ty ¥ s

[V14) = el [V13), Pua= 1= o1y00c = Z‘ZUZy - ledzz’

Wis) = 6%y, Prs = LT OO H O (12)

where the states |V3;+1),|¥3i42),|¥3i+3) are belonging to the
same basis, i = 0,1,2,3,4. The first three bases (i = 0,1,2)
are given by the product of spin states in each dot where
the quantization axis is chosen to be z, x, and y, thus those
states are separable. The other two bases (i = 3,4) consist of
maximally entangled states.

Within the scheme we are using projective measurements
on the states [11), |1!), and |S) as described in Sec. II.
In order to access the states in the set above not directly
given by one of these states, we apply various quantum gates
directly available for spin qubits, see Fig. 2. The SWAP gate
is defined by SWAP|s;s,) = |s2s1), i.e., it interchanges the
information of the first and the second qubit. It can be realized
by applying the exchange interaction (2) for a time 7, given
by ¢ = fot J(t)dt =, where we neglected the magnetic
field (gradient) which is possible if J is large compared to
|Ah,|. Consequently, the ~/SWAP gate can be achieved by
applying the exchange interaction for yielding ¢ = m/2.

1 + 01,02, + cos p(01; — 02;) + sin @(01,02y — 01,02¢)

Since o, + 07, commutes with the exchange coupling, the
influence of 4, can be treated formally as if it was applied
before or after the exchange interaction. Furthermore, we
need an ESR pulse on the first spin to access the states
[V4), ...,|¥15). We want to emphasize that for each of these
twelve states we need only one ESR /2 rotation, eiTo
of only one of the spins. As we assume the fidelity of ESR
operations to be lower than that of exchange gates or rotations
around the z axis, this is a crucial point for an experimental
realization of a tomography scheme in a double quantum dot.

Note that ESR cannot be completely avoided because
exchange interaction and rotations due to a static magnetic field
together with the projections on [1,), |S), [11) can only access
the five-dimensional subspace in matrix space spanned by
{U]Z,O'QZ,O'IZO'QZ,leUZX + 01y02y,01x02y — O']yO'QX}. This can
be seen by regarding the time evolution under exchange
interaction, which leaves Py = P; and Ps invariant and
evolves Py, = P, to

igPs —ipPs _
e P¢¢€ =

, 13
2 13)
and the time evolution under a gradient Zeeman field in z direction, leaving Py, and P;4 invariant and evolves Ps to

1 + 01,02, + c0s ¥(01,02, +01,02y) + Sin ¥ (01,02, —01,02,) (14)

Py L0
é Z(UIZ_UZZ)PSe_l (O1z—02) _

4
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(a) SWAP (b)
| T) | 1) —Rx3 - |
ESR §
|1)2) |[1b3) |S) T |1ha4)
| 1) | T) —Rzm—
(c) (d) ]
— Rz} Rx3— ——Rz0}———
ESR |[ba) [1;)
S VP { {
= S 65)
§=5,...,9
_RZ'g —Rzgzj—

FIG. 2. (Color online) The quantum circuits used to realize the quorum (12). (a) represents the preparation of the state |/3) by a SWAP gate
starting from state |yr,). The circuits in (b) and (c) show the preparation of the state |4) and |v10), respectively, starting from the singlet state
|S). In (d), we show the construction of the remaining states of the quorum, [v;) and [;,¢) with j =5, ...,9, by rotations R; implemented
using a static magnetic field, starting from |¥4) and |yr)o) respectively. The angles 0{ and 92’ depend on the index j of the final state but they
are the same for the maps |y4) to |v;) and |¥o) to |1;46). The actual values of 6 and 6 can be found in Eq. (12), e.g., for j = 9, they are
given by Glj = —sz = —m /2. Note that ESR is used to implement Ry in the preparation of the states |y4) and [v;o). The gate Rx 7 /2 on the
upper line in (b) denotes a rotation of the first qubit around the x axis by the angle 7 /2, i.e., the operation ¢’ 7%x, The other rotations Ry and

R are defined accordingly.

The single-qubit gates containing o, or op, can, in
principle, be achieved just by waiting for a certain time with
negligible J and an applied magnetic field. Since the magnetic
field cannot easily be switched off completely this requires
precise control of the time which is spent between state
preparation and the projective measurement. Considering for
example the states |y4) and |yr7), we see that the state with
spins polarized in x direction, |Y4), and the one with both spins
in y direction, |{;), are connected just by a rotation around the
z axis for both spins, which is realized by a (large) constant
magnetic field. But clearly it is necessary to distinguish those
states |14) and |yr7) experimentally to get the full information
of the density matrix p. Therefore state tomography requires
more control than would be necessary to demonstrate ESR
rotations alone, where the latter could be done by finding
experimental evidence for one spin to be flipped by the ESR
pulse. For tomography, the relative phase between |0) and
[1) needs to be controlled in addition. Note that the adjoint
quantum gates included in Eq. (12) are applied on the initial
state in the tomography experiment. Afterward a lack of time
control might not harm the experiment as a e/?(@1:+92) gate
results in no more than a global phase on the states 1),
[11), and |S). Only the projection on these states by the
spin-to-charge conversion has to be precise. In Appendix D, we
give a slightly different realization of the 15 states of Eq. (12).
This alternative representation corresponds to a rotating
frame.

V. ESTIMATING THE ERROR

Measuring a quantum system always produces statistical
results, thus the exact quantum state cannot be determined by
an experiment which is performed a finite number of times,
but increasing this number of repetitions cannot lead to an
arbitrary high accuracy of the estimation for the quantum state
either since the measurement scheme unavoidably contains
systematic errors. Therefore it is necessary to know how
precise the desired measurement scheme is actually performed.
We assume the error in the measurement setup to arise mainly
from the applied quantum gates, and among those the ESR
gate, /3%, to have the largest influence an the total error.
In the experiment described in Ref. 4 the exchange was
always accompanied by ESR operations, hence the fidelity
of exchange alone was not accessible. Errors in the quantum
gates may occur due to fluctuations in the magnetic field, for
instance, caused by nuclear spins,”3° which is most damaging
for the ESR gate. Charge fluctuations mainly influence the
exchange interaction and thus the SWAP and +/SWAP gate.
Finally, differences in the times for which interactions are
actually switched on, affect all quantum gates but in particular
the spin rotations around the z axis according to a static
magnetic field.

Knowledge about the experimentally realized precision
of the projective measurements suggested in Sec. IV, can
practically only gained by prior experiments. One option to
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achieve this is a self-consistent tomography?>**’ where the

perfect states from Sec. IV, P; (j =1, ...,15), are replaced
by imperfect and unknown ones, P;. This implies that before
using the set of measurements to determine an unknown
quantum state, the set {ij} itself has to be determined first.
For this purpose, one could, e.g., perform measurements to
obtain statistical knowledge on the quantities

My =tw(P/P)), i,j=1,...15. (15)

Note that preparing the system in the state P/ is the inverted
procedure of the projective measurement on this state, staring
from a (0,2) charge state. The states P, can be deter-
mined approximately afterward via a maximum likelihood
algorithm?+*" up to a basis in Hilbert space that has to be
fixed as M;; is invariant under a unitary transformation. Note
that here, less information is needed than for quantum process
tomography.*’

Since the 15 states in Sec. IV are generated by a smaller
number of different quantum gates, it might be an alternative to
describe those gates with a set of parameters including mean
fluctuations and determine these parameters experimentally.
In general, the imperfect projection operators Pl’. would be
assumed to depend on a set of n parameters «;, ... ,o,, for
a parameterization of fluctuating magnetic and electric fields
see Ref. 25, for a parameter fit of a ESR experiment see Ref. 3.
For experiments that are repeated often, we can consider the
mixed states Fj’ calculated from the statistical distribution of
the parameters o, . . ., o,

ij = /dal ...da, pi(ay). .. pn(a,,)Pj/»(al, ooy, (16)

For Gaussian distributions, it is sufficient to determine the
mean values of «; and aiz, which means that n2 numbers have
to be extracted from experiments. Note that errors in those
values will directly lead to errors in the tomography of an
unknown state, but it is not necessary that the distributions
are sharp. Nevertheless, the deviations of the mixed states P]f
from the pure states P; worsen the result of the tomography
measurement as illustrated by the following example. Assume
the matrices P, — 1/4 and P{ — 1/4 to have the same direc-
tions in matrix space as P, — 1/4 and Ps — 1/4, i.e., they are
given by

1—f?  4f2-1
P, = 11 J
! 3 * 3

P, (17)

where f; = tr(,/\/P;P}/P;) is the fidelity of the quantum
state P with respect to P;, and where we assume fi = fs = f
for the reminder of the discussion. For a completely mixed state
P]’ = 1/4, we find f = 1/2. Whereas the parameter ps from
Eq. (4) in the ideal case of projection onto pure states, given by
the operators P, and P, can be gained by using the equation

_ 2tr(Pap) + tr(Pep)] — 1
P4 =

, 18
5 (18)
we use another representation of pq,
3{2[tr(P, ) + tr(Pip)] — 1}
py = 4 o (19)

2412 -1
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for the projection operators P, and P, which denotes the
projection onto mixed states if f < 1. For the statistical
error of p4 desired to be smaller than §, the statistical error
of the experimental values for tr(P;p) and tr(P}p), which

2_
we assume to be equal, has to be below §' = %. A

Chernoff bound*'*? can be applied to estimate the number
of experimental runs needed to realize a desired precision.*>**
The possible outcomes of one experimental run are O for a
(1,1) charge state after the sweep and 1 if a (0,2) charge state
is measured, the expectation value is tr(PJf p). Repeating this
experiment Ny, times thus leads to a binomial distribution.
The probability for the experimental value, i.e., the number
of runs with result 1 divided by N, to be out of an interval
[tr(ij,o) - &, tr(Pj{p) + &', Pout, is limited by

—287
Pou < 2ex : (20)
PAN

run

Therefore the number of experimental runs which provide a
Pou below a desired limit P; can be chosen by
In(2/P)  9In(2/P)
2872 8242 —1)2
This means that the reduced fidelity in the projection states

can be compensated by increasing the number of experimental
repetitions.

Nuun > 2y

VI. CONCLUSION

We have presented a measurement scheme by accessing
the states of a quorum for state tomography in the two-qubit
space by realistic quantum gates and three types of spin-to-
charge conversion in a two-electron double-quantum dot. The
quantum gates include SWAP and +/SWAP gates realized by
exchange interaction, as well as ESR rotations. We assume
the ESR gates to have the largest impact on the fidelity of
the quantum states. Therefore it is important that the ESR
rotation is applied for no more than a 7/2 rotation per state.
Moreover, it should be an advantage that only one of the spins
has to be treated with ESR since in the experiment by Brunner
and coworkers,* the fidelity of ESR was different for the left
and the right quantum dots. Further single-qubit rotations are
realized using a static magnetic field requiring precise control
of the field tuning and the pulse times.

Whether state tomography can be realized experimentally
in the system that we consider here depends on the realization
of the different quantum states. A reduced fidelity in the
experimental representation of the (pure) quantum states does
not prevent the tomographic reconstruction in principle but
reduces its quality. The crucial point is the knowledge of the
experimenter on which (mixed) states the unknown quantum
state is actually projected. A lack of information about this state
will in any case limit the precision of the tomography. Self-
consistent measurements>>*? or a calibration by analyzing
the tomography data®* can reduce this lack of knowledge.
In general, the accuracy of a realized tomography experiment
has to be determined experimentally as well. Our measurement
scheme is only one possible solution for state tomography in
the two-spin system. The question which scheme is optimal
regarding the accuracy of the estimated density matrix with
or without a limited number of experimental runs remains
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open. The solution will crucially depend on the fidelity of the
different quantum gates performed in the system.
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APPENDIX A: REPRESENTATION OF A PROJECTION
ONTO A STATE IN MATRIX SPACE

Assuming that we can perform any unitary operation in our
four-level system, we can project on any state

l9j) = a;|11) +b;IM) + ;L1 +d;lll), (AL

where |a;|? + |b;|> + |c;|* + |d;|* = 1, without loss of gen-
erality, a; € R>o as a global phase does not matter. The
corresponding projector can be written in the matrix form

for the basis {|11). [T4). [{1). [L 1)},

Ia‘,~|2 ajb;‘- ajc;‘- ajd;-‘
P 12 Ak i
Po— 1) (] = bja; |bj|I* bjc; b;d;
! S cjaj c;b; lcjI? c;d;
dja;‘f djb;k de;f |dj|2
01i02
= Z n_,-ile (AZ)
i,/=0,x,y,z
with
Moo = |Clj|2 + |bj|2+ |Cj|2 + |dj|2 _ 1
/ 2 2’
- ajb] +bja] +cjd] +djc]
JjOx ) P
- ajbj bjaj —}—cjdj djcj
JUY 21 ’
SR e 1 e T 1
JVz 2 ’

p._J1 p._J1 =0 PP _1 A2 =
J Z i Z M— <fr’( j| l)M_Z<:>|<¢j|¢)l)| i)

which means that the traceless parts of the projection operators
P; would be orthogonal with respect to {-|-) ;. Analogously,
for a single spin, the density matrix can be determined by
projections on the x, y, and z axes of the corresponding Bloch
sphere. However, for our four-level system, Eq. (B1) cannot be
fulfilled for 15 projection operators of the form P; = |¢;){¢;],
which we show in this appendix. For the proof, we use the
following lemma.

Lemma. Let V| and V, be two real Euclidean spaces with
dimension n; and n. Let {ay, ...,an,+n,} be an orthogonal
basis in the space V| @& V, with |aj|2 =c >0, IPV,aj|2 = cq,
and |PV2¢1j|2 = Vj=1,...,n1 + ny, where Py, (Py,)isthe
projection on the space V| (V;). Then ¢ and c; fulfill

L (B2)

(&) nz
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a;ij +b}kd] + ijaj +d}kb1

njxo = ) )
_ajdj+dja; +bjcj +cib;
Njxx = ) s
* * * *
0 _ ajdj—djaj—bjcj+cjbj
xy = . s
0 2i
% . k] £ Tk
_ajcj —bidj +cjaj —djb,
anZ - 2 ’
* . Y DS SR Y
n-ozajCj+bjdj ca; djb]
» 2i ’
* * * *
0 . ajdj—djaj—l—bjcj—cjbj
X — .
JY. 2l )
* * * *
_ bjCj +Cjbj —ajdj —dj(lj
Mjyy = ) )
* * * *
" _ ajcj—bjdj—cjaj—i—djbj
o 2i ’
2 2 2 2
I laj|”+1b;1” —|c;1* —|d;]
jz20 = s
] tq. 2 0% — d*e.
. _ajbj—i—bjaj cjdj djcj
Jjzx = ) s
* * * *
0 . ajbj—bjaj—cjdj—i-djcj
y = .
Jzy 2l ’
2 2 2 2
la;| —1b;17 = lc;1” + 1d;|
J J J J
N = . . (A3)

APPENDIX B: NO ORTHOGONAL BASIS IN TRACELESS
MATRIX SPACE BY PROJECTORS ON SINGLE
PURE STATES

For the reconstruction of the density matrix from the
measurement data, it would be ideal to have aset{ Py, ..., Pis},
which fulfills, for i # j,

1
7 (B1)

Proof. We denote aj, ...,a, s, in an orthonormal basis
{e1,....en €n+1, ... .€n4n,} Where the vectors e, ...,e,,
are completely in V; and e, 4+1,...,€,4n, are com-
pletely in V,. Now, we can write the normalized vectors
a1 //C, ... ,an 1n,/+/C as the columns of a matrix A with
the matrix elements A;; = (e;|a;)/+/c. The matrix A is an
orthogonal matrix, i.e., it fulfills AT A =1 but also AAT =
1, which reflects the fact that rows and columns denote
orthonormal bases in V| @ V,. From the conditions in the
lemma, we find

ni+n;

C2
and Y A} =—,
. C
i=n;+1

(B3)

ny
2 al
Af = —
17 c
i=1
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and thus

ny+ny n

2 ‘1
§ § Aj = (m +7l2)?
j=1 i=l1

ny+ny nj+ny

and Z Z Al.2j=(n1+n2)cc—2.

j=1 i=n;+1

(B4)

On the other hand, using that the rows of A denote orthonormal
vectors in R yields

ny ni+np ni
2 _ —
22 A= 1=m
i=1 j=1 i=1
(BS)
ni+ny ni+np ny+ny
2 _
and E E Aj = E 1 =n
i=nm+1 j=1 i=n;+1
Building the ratio directly leads to
Zn]Jrnz ny A2
j=1 i=1“j (B4 C1 (BS) N
= — = —,. (B6)
an+n2 ny+ny 2 c n
j=1 i=n;+1 ij 2 2

Now we come back to the 15 basis states for the space of
traceless Hermitian matrices constructed by pure states in four-
dimensional Hilbert space. We use the notation from Appendix
A. Assume that |¢;) = |11), if it is not, we can perform
a unitary transformation to match this starting point. The
corresponding projector is P; = (1 + oy, + 02, + 01,02;)/4.
It follows that a; = 1/2 in order to fulfill | (¢ |¢>j)|2 = 1/4 for
j =2,...,15. Therefore we get

1
jo0 = 5
Rebj+c’;dj+d}kcj
njox = ’
2
_ Imbj +dej — d;Cj
oy = 2i ’
L i bt le P — 14
joz — D) s
R€Cj+bjdj+d;-kbj
njxo = )
2
Red; +bj»Cj +ijbj
Njxx = ’
2
Imd; —b;?cj +ijbj
iy = 2 ’
Recj —bjd, —d;-kbj
nsz = 2 ’
(B7)
Iij +bjd, —d;-kbj
iv0 = 2i ’
Imdj-i-b}’fcj —C;(bj
Njyx = i s
l
I bjcj+cibj —Red;
Jyy — 2 B
" _Iij—bjdj'i‘d;kbj
v = 2i ’
T+ 1bi1* = le)* — 1d; 2
nj:0 =

2 3
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Rebj —C;‘fdj —d;ij

anx = 2 ’
_Imb; —cjd; +djc;
iz = 2 ’
1 2 2 2
Lo P =P+ 1))
njzz = 5 .

Now we define a new basis of the space of 4 x 4 matrices,
{t;;i =0,...,15} with
. 1 _ 02; + 01z + 017027
To = 57 T = 2\/§ )
0= oy + 01x02z7 o= 02 + O'IZO'Zx7
272 272
= oy + 01,\0217 5 = 02y + O'IZO'Zy,
272 272
6 = O1x02x — O1y02y , T, = GleZy + 61y62x ,
272 272
Olx — 01x02; O2x — 01702«
BW=——""""7= » =" >

22 232

o= —"7-—, T1 =

(B8)

01x02x + 01y02y _ O1x02y — O1y02x

T = , T3 = s
12 WG 13 WG

O1; — 02 Olz + 02; — 2011021

T4 = ———F—» )
14 2\/5 2\/6

which again fulfills (tx|t)y = . P —1/4,...,P5 —1/4
are now supposed to be an orthogonal basis in the space
spanned by 17, ...,7;s. We show that this is not possible for
the following reason. When we expand P; in the new basis,
P; =>".mjt;, we find easily for j > 2 from Eq. (B7) that

Ti5 =

1
mjo =5, mj = 0,
Rec; Reb; Imc;
mjz — 72]7 mj3 - ﬁ] 5 mj4 - \/EJ ) (B9)
Imbj Redj II’Ildj
M= Tt T
and thus
7
S = LT O el U G SRS
= ! 2 2 8

On the other hand, due to tr(P;) = 1 and sz = P;, we find for
=215,

15 15
1 =(Pj|Pj)y = Zmil :m§0 +m51 +Zm§i
TS - -
=3+ 2 (B11)
which yields
S, — .. (B12)
i=2
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Using Eq. (B10), we find

(B13)
and thus

(B14)

which means that the ratio of the projections of P; on the
subspace span{t,,...,77} and span{ts,...,T;5} is a fixed
value that does not correspond to the dimensions of these
subspaces and thus violates the lemma above. Therefore an
orthogonal basis for span{zi, ..., 75} cannot be constructed
by P1 — ]1/4, . ,P15 - ]1/4

APPENDIX C: RECONSTRUCTION WITH MUTUALLY
UNBIASED BASES

Here, we show that |det(P)| = % if the matrix P
as introduced in Sec. Il is gained from five mutually
unbiased bases, including three states from each basis,
{Io1),1d02),|#03)s1#11), - - - ,|Pa3)}. The rows of P represents
the traceless parts of the corresponding projection operators

Psjii = |¢ji)(¢jx], which we denote
Pr={PiID1)ym, - .. (P Dis)m). (&)

We want to apply Gram-Schmidt orthogonalization on the row
vectors P, that leaves the determinant of P invariant. As

PsjkPrs = ldjeldi))* — }1 =8 (8 — }‘)
with ije{l,....5) and kle{1,23}, (C2)

we only have to orthogonalize the five three-dimensional
subspaces for i = j. From 733_,~+k733Tj+[ =0y — }P we gain
easily the orthogonalized row vectors from the Gram-Schmidt
method,

/

P3jr1 = Psjs1s
/ 1

P3jv2 = Psjra+ 3P3j+1, (C3)
/ 1/ 1

P3jr1 = P3jsz+ 3P 3542+ 3P3j41,

which have the lengths \/5 , \/z , and \/g . A unitary transfor-

mation does not change the determinant and transforms P’ to
a diagonal matrix. Therefore we find

5 5
3 /2 /1 1 1
det(P)Zde‘“”):(\/;h\[a) -(5) =%

(C4)
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APPENDIX D: REALIZATION OF THE TOMOGRAPHY
SCHEME IN THE ROTATING FRAME

In this appendix, we present a modified realization of the
15 states of Eq. (12),

1) = 111),

) = 14),

¥3) = WAP|N>

W) = SWAPe' 1|5,

Ys) = J—Peﬂmm,

W) = €' 7% [4) |

¥7) = €7 /SWAPe' 37 |5),

l¥rs) = v/SWAPe 391 |S), (D1)
o) = €' 2% |1/f7)

[Yri0) = 5| S),

)
Y1) = ' F7e T T S),
Y1) = €27 [y10) ,
[Y13) = e 57 5O0S),
)
)=

[Vr14 ToueTIEON yy3)
[Y¥1s 30n |y

Here, the local quantum gates contain only oy, oy, and
0y;. Therefore this representation corresponds to a rotating
frame of reference where the rotation axis is the z axis and
the frequency is given by the Zeeman splitting in the first
dot, 2h;.. The gates ¢'%"> occur within the rotating frame
due to the difference in the Zeeman energies in dots 1 and
2, thus 6 = (hy, — h1 )t = —Ah t holds for a time interval
t. This rotation of the second qubit occurs slowly in the
rotating frame, because the difference in the Zeeman splittings

|Ah l, is typlcally much smaller than |/, |. The gates e’ 371+,

e 51 @5y and e7'%%0 are realized by applying ESR
pulses, Hgsr = h1,0; + hiy cos(2h1,t + Pshir )0y, which leads
in the rotating frame to the gate exp[if.?/2(cos Pshio1x +
sin ¢qhifi01,)]. Hence the phase ¢ghise has to be chosen 0, 7,
/2, or 3w /2, respectively. The statement that we need at
most 77 /2 ESR rotations in only one dot per measurement still
holds in the new realization (D1). The timing condition for
the rotation around the z axis, which we face in the laboratory
frame is shifted to the control of the phase ¢gpif; in the rotating
frame. Note that the quantum gates applied in Eqgs. (12) and
(D1) are not all identical but the states |v1), ...,[{s) are the
same up to irrelevant global phases.
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