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Abstract
Two-qubit gates between spin qubits are often performed using a rectangular or an adiabatic
exchange interaction pulse resulting in a CZ gate. An oscillating exchange pulse not only performs
a CZ gate, but also enables the iSWAP gate, which offers more flexibility to perform quantum
algorithms. We provide a detailed description for two-qubit gates using resonant and off-resonant
exchange pulses, give conditions for performing the respective gates, and compare their
performance to the state-of-the-art static counterpart. We find that for relatively low charge noise
the gates still perform reliably and compare to the conventional CZ gate.

1. Introduction

In recent years advances in silicon and germanium based quantum dot spin qubits [1–3] showed immense
potential as a platform to realize quantum computers [4–6]. In particular highly enriched silicon reduces the
interaction of an electron spin qubit with nuclear spins, and thus enables long coherence times and
high-fidelity qubit operations. Single-qubit gates are enabled by electric dipole spin resonance, where an
oscillating gate voltage causes electron modulation in a magnetic gradient field and with it an effective
magnetic driving field on the qubit. The exchange interaction between neighboring electron spins is
electrically controlled via a barrier gate voltage to perform two-qubit gates [7–11]. Charge noise is often
suppressed to first order by operating at a symmetric operation point (‘sweet spot’) [12–14], while dephasing
effects can be reduced through a large energy splitting due to a strong magnetic field gradient [15] realized by
a micromagnet [16, 17].

So far high-fidelity two-qubit gates, as the CNOT or CZ, were realized using a constant exchange
interaction between two electron spins [4, 5]. However it was already experimentally demonstrated [18], that
an oscillating exchange interaction enables the iSWAP gate which constitutes an alternative two-qubit gate
for universal quantum computation. In this paper we present a theoretical treatment of two-qubit gates
generated by an oscillating exchange interaction between two neighboring spins. We derive conditions for
the realization of various gates and investigate their performances compared to the conventional case with a
static exchange coupling.

This paper is organized as follows. In section 2 we introduce the system Hamiltonian and the Makhlin
invariants, which we will use in the remainder of this work. In section 3 we summarize our results found for
the resonant case (section 3.1) and non-resonant case (section 3.2). Finally, section 4 estimates the effect of
noise in experimental setups on the respective gates and compares performances between oscillating and
static exchange interactions.

2. Model andmethods

We consider a two-qubit system realized by two electrons located in two coupled quantum dots, as shown in
figure 1. It is possible to control the exchange interaction J(t) between the electrons by tuning the middle
barrier between them. Additionally, there is a magnetic field parallel to the z-axis with B−∆B at site 1 and
B+∆B at site 2. The Hamiltonian describing the local Zeeman splitting and the exchange coupling between
the electrons reads as follows,

© 2023 IOP Publishing Ltd
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Figure 1. Schematic model of the two-qubit system. Two electron spins are localized by plunger and barrier gate potentials. The
magnetic gradient field B±∆B enables individual addressing of the single spins. Controlling the middle barrier voltage V(x)
between the electrons can realize a time dependent exchange interaction J(t) between the electron spins 1 and 2.

H=B
(
Ŝ1z + Ŝ2z

)
+∆B

(
Ŝ2z − Ŝ1z

)
+ J(t)

(
Ŝ1 · Ŝ2 −

1

4
1

)
=H1 +H2, (1)

where H1 = B(Ŝ1z + Ŝ2z), and Ŝ1 and Ŝ2 refer to the spin operators of the electron at site 1 and 2, and where
we consider an oscillating exchange interaction J(t) = J0 + J1 cos(ωt). In case of a static or adiabatic exchange
interaction J1 = 0, the Hamiltonian is transformed into a rotating frame and can result in a CZ gate when
choosing parameters and timing accordingly [19], where |J| ≪ |∆B|.

A useful tool to find and identify two-qubit gates from a non-trivial time evolution U are the Makhlin
invariants G1 and G2, defined as G1 = Tr[M(U)]2 det[U]/16 and G2 = (Tr[M(U)]2 −Tr[M(U)2])det[U]/4
withM(U) = UT

BUB and UB is the transformed time evolution U in the Bell basis [20]. In particular, two
two-qubit gates A,B ∈ SU(4) differ only by single-qubit operations U1 ⊗U2,V1 ⊗V2 ∈ SU(2)⊗2, i.e.
A= (V1 ⊗V2)B(U1 ⊗U2), if and only if their Makhlin invariants G1 and G2 are identical. The relevant
Makhlin invariants for this work are (G1,G2) = (1,3), (0,1), (0,−1), for the identity, CZ, and iSWAP gates.

As a quantitative measure, we calculate the fidelity between the desired ideal gate U ideal and the actual
gate Uactual using [21]

F= F(Uideal,Uactual) =
d+

∣∣∣Tr[U†
idealUactual

]∣∣∣2
d(d+ 1)

, (2)

where d denotes the dimension of the Hilbert space. Here, d= 4 for two qubits.

3. Results

Here, we consider an oscillating exchange interaction J(t) = J0 + J1 cos(ωt) between the two electron spins,
where we restrict ourselves to 0⩽ |J1|⩽ J0 where the total exchange is positive J⩾ 0. In this case one can find
approximate analytical solutions to the time evolution of the Hamiltonian (1) for either (A) a resonant
frequency ω = 2∆B, or (B) a far-detuned drive, |2∆B−ω| ≫ J1.

3.1. Resonant case
First, we set ω = 2∆B. By separating the Hamiltonian (1) into two commuting parts H=H1 +H2, it is
possible to construct the time evolution U= U1U2 generated by H by calculating the time evolution U1 and
U2 of H1 and H2 respectively. The part H1 describing the homogeneous magnetic field B is a time-
independent diagonal matrix. The operator H2 is nonzero only in the subspace spanned by the basis vectors
{| ↑↓⟩, | ↓↑⟩}. By reducing H2 to a single-qubit Hamiltonian H2 → h2 in the basis {| ↑↓⟩, | ↓↑⟩} it is again
possible to separate h2 into two commuting parts h2 = h21 + h22 with

h21 =−1

2
J(t)1, (3)

h22 =−∆Bσz +
1

2
J(t)σx, (4)

where σx,z denote the Pauli matrices. h21 is a diagonal matrix for which the analytical solution to its time
evolution u21 is known. For h22 one can use the rotating wave approximation (RWA) which first requires

2
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the use of a rotating frame r= exp
(
−iω2 σzt

)
resulting in the unitary transformation h22 → iṙr−1

+rh22r−1 = h̃22. As a condition for the RWA it is required that
∣∣ J0
ω

∣∣ , ∣∣ J1ω ∣∣≪ 1 such that fast oscillating
terms can be neglected and

h̃22 ≈
J1
4
σx (5)

is time independent. Therefore, it is simple to calculate its time evolution ũ22 = exp(−ith̃22). By rotating
back to the local reference frame u22 = r−1ũ22 and writing the time evolution u21 and u22 as U21 and U22

respectively, U can be expressed as a product U≈ U1U21U22. The resulting approximated time evolution can
be written as a matrix in the basis | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩,

Ures =


e−iBt 0 0 0

0 eia+(t) cos
(
J1
4 t
)

−ieia+(t) sin
(
J1
4 t
)

0

0 −ieia−(t) sin
(
J1
4 t
)

eia−(t) cos
(
J1
4 t
)

0

0 0 0 eiBt

 , (6)

where we defined

a±(t) :=
1

2

(
(J0 ±ω) t+

J1
ω
sin(ωt)

)
. (7)

Using Makhlin invariants we can now give conditions for a set of parameters (J0, J1, t) for which the
approximated time evolution is locally equivalent to a CZ or iSWAP gate. The Makhlin invariants are
given by

G1(Ures) =
1

4
α
(
1+α−1β

)2
, (8)

G2(Ures) =
1

2
α−1 +

1

2
α+ 2β, (9)

with

α= exp

(
−i

(
J0t+

J1
ω
sin(ωt)

))
, β = cos

(
J1
2
t

)
. (10)

When choosing parameter set (J0, J1, τn,m) such that

J0τn,m +
2mπ

ωτn,m
sin(ωτn,m) = nπ , (11)

J1 =
2mπ

τn,m
, (12)

where n,m ∈ Z we obtain α,β =±1 depending on the parity of n andm. If n is odd andm is even the
Makhlin invariants of the approximated time evolution match with the Makhlin invariants of a CZ gate.
Moreover, for n is even andm is odd the time evolution is instead locally equivalent to an iSWAP gate. For a
given J0 we always find a solution, however, here we additionally require preferably small n for short gate
times.

If a set of parameters (J0, J1, τn,m) fulfills conditions (11) and (12) with n= 1+ 2n1 andm= 2m1 for
n1,m1 ∈ Z, the resulting time evolution operator is locally equivalent to the CZ gate as previously explained.
Depending on the parity of n1 +m1 the approximated time evolution is

CZres
± = diag

(
e−iBτ ,±ie

i
2ωτ ,±ie−

i
2ωτ ,eiBτ

)
(13)

with τ = τn,m, where one obtains CZ
res
+ if n1 +m1 is even and CZres

− if n1 +m1 is odd.
Similar results are found in the case of a locally equivalent iSWAP gate where we find two gates iSWAP±

both locally equivalent to the iSWAP gate,

iSWAP± =


e−iBτ 0 0 0

0 0 ±ie
i
2ωτ 0

0 ±ie−
i
2ωτ 0 0

0 0 0 eiBτ

 . (14)

3
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Figure 2. Fidelity F(U(t),X(t)) between the actual numerical solution and the locally equivalent CZ/iSWAP gates
X(t) = CZres

± (t), iSWAP±(t) as a function of time. The used parameters are B= 1GHz,∆B= 100MHz, J0 = 20MHz,
ω = 200MHz. For J1 we use 11.43MHz,16MHz,20MHz,10MHz for the CZres

+ ,CZres
− , iSWAP+, iSWAP− comparison,

respectively. Numerically we find the gate times τ ≈ 1.098µs,0.784µs,0.314µs,0.628µs for these gates.

Here τ = τn,m and we obtain iSWAP+ and iSWAP− for n2 +m2 is odd and n2 +m2 is even respectively if
n= 2n2 andm= 1+m2 (n2,m2 ∈ Z).

The required single-qubit operations to obtain the CZ and iSWAP gates are z rotations on the two qubits
and depend on the values for B,ω and τn,m as well as the values for n andm in equations (11) and (12). It can
be noted that only z-rotations applied to the qubits are necessary to transform the locally equivalent CZ gate
to an actual CZ gate or the locally equivalent iSWAP gate to an iSWAP gate.

Figure 2 shows the fidelity over time for a suitable set of parameters for the CZres
± and iSWAP±. The

locally equivalent CZ and iSWAP gates are treated as a function of t as they depend on the gate time τn,m (see
equations (13) and (14)). With J0 = 20MHz a solution to the conditions (11) and (12) with J1 ⩽ J0 requires
smallm. For the shortest gate times the smallest possible n for each gate CZres

± and iSWAP± are chosen. Note
that the fidelity F uses the actual solution of the time evolution with numerical methods. The gate times of
the numerical result in figure 2 match the times from the conditions stated in equations (11) and (12). We
find that the iSWAP− gate has a noticeably lower fidelity than the iSWAP+ gate. Further calculations show
that a lower value for J1 correlates to a lower fidelity of any of the iSWAP± gates. Thus, the best possible
iSWAP± gate would therefore ideally require J1 = J0.

3.2. Non-resonant case
For the off-resonant case we transform our Hamiltonian (1) in the rotating frame H−→ ṘR† +RHR† = H̃
with R= exp[iB(Ŝ1z + Ŝ2z)t], and apply the RWA with the following conditions,∣∣∣∣ J0

4∆B

∣∣∣∣ , ∣∣∣∣ J1
8∆B+ 4ω

∣∣∣∣ , ∣∣∣∣ J1
8∆B− 4ω

∣∣∣∣≪ 1 . (15)

This yields an approximated Hamiltonian H̃≈ diag
(
0,−∆B− 1

2 J(t),∆B− 1
2 J(t),0

)
, for which the time

evolution is a diagonal matrix

Ũnon-res = diag

(
1,exp

(
i
A+(t)

2

)
,exp

(
i
A−(t)

2

)
,1

)
, (16)

with A±(t) =±2∆B+ J0t+
J1
ω sin(ωt). We note that the conditions stated in equation (15) is fulfilled if

∆B≫ J0, J1 in combination with the far-off-resonant condition |2∆B−ω| ≫ 1.
The Makhlin invariants of the approximated time evolution are then

G1

(
Ũnon-res

)
= cos

(
J0
2
t+

J1
2ω

sin(ωt)

)2

, (17)

G2

(
Ũnon-res

)
= 2+ cos

(
J0t+

J1
ω
sin(ωt)

)
. (18)

One can observe that there exist solutions (J0, J1, t) such that Ũnon-res is locally equivalent to a CZ gate. For
this, the set of parameters (J0, J1, τn)must fulfill

J0τn +
J1
ω
sin(ωτn)

!
= π+ 2nπ, n ∈ N0 . (19)

4



Quantum Sci. Technol. 9 (2024) 015020 D Q L Nguyen et al

Figure 3. Numerical fidelity F(Ũ(t),CZnres
± ) as a function of time between the actual solution Ũ(t) in the rotating frame and the

locally equivalent CZ gate CZnres
± at different frequencies. Solid (dashed) lines refer to CZnres

− (CZnres
+ ). The parameters are chosen

as B= 1GHz,∆B= 100MHz, and J0 = J1 = 20MHz. The case of a constant exchange J1 = 0 is also shown.

For given J0 > 0, J1, and n, a solution for τ n always exists. The approximated time evolution with the gate
time τ n is then as follows,

Ũnon-res(τn) = diag(1,±i,±i,1) , (20)

up to single-qubit rotations around the z-axis . The necessary single-qubit operations to transform the
time evolution to a CZ gate only depend on τn. We obtain two different locally equivalent CZ gates to which
we will refer as CZnres

± = diag(1,±i,±i,1). It should be noted that for this approximation and rotating frame
a locally equivalent iSWAP gate is not possible.

For off-resonant drives with
∣∣ J0
ω

∣∣ , ∣∣ J1ω ∣∣≪ 1 we can approximate the time evolution more accurately. In the

rotating frame R= exp[iB(Ŝ1z + Ŝ2z)t] we find the commuting subspace Hamiltonian h2 = h21 + h22,
spanned by the basis vectors {| ↑↓⟩, | ↓↑⟩}, with h21 =− 1

2 J(t)1, h22 =−∆Bσz +
1
2 J(t)σx. Transforming into

the rotating frame h22 → iṙr−1 + rh22r−1 = h̃22 with r= exp
(
−iω2 σzt

)
, analogous to section 3.1, we can

approximate h̃22 ≈ J1
4 σx +(ω/2−∆B)σz and calculate the time evolution. After transforming back to the

frame with R= exp[iB(Ŝ1z + Ŝ2z)t] we obtian the total time evolution. For a driving time τ with√
J21 + 4(ω− 2∆B)2τ/4=mπ the time evolution becomes diagonal

Ũnon-res(τ) = diag
(
1,±eia+(τ),±eia−(τ),1

)
, (21)

with a± as in equation (7) and the sign+ (−) form even (odd). We then obtain the Makhlin invariants as in
equations (17) and (18), and thus, again find equation (19) as conitions for a CZ gate.

Figure 3 illustrates the numerical fidelity F(Ũ,CZnres
± ) as a function of time using two different frequencies

ω= 270 MHz and 400 MHz showing the first three gate times. For comparison, the fidelity for a constant
exchange J1 = 0 is also shown. The fidelity at the maxima corresponds to the first few gate times τ 0, τ 1 and
τ 2 and decreases over time. It is therefore better to use the first gate time τ 0. Using an oscillating exchange
interaction we find a similar time evolution as in the case of a constant exchange interaction (J1 = 0).

We note here that if going into a different rotating frame, one needs to take into account the respective
z-rotations. Without compensation of these z-rotations in the rotating frame
R= exp[i((B−∆B)Ŝ1z +(B+∆B)Ŝ2z)t] we obtain a slightly higher fidelity for the oscillating exchange
compared to the constant case. The cause of this slight fidelity improvement are off-resonant terms in the
Hamiltonian that were neglected in the RWA and lie beyond our simple description. To analyze these
higher-order corrections, one could apply a Floquet-Magnus expansion [22–25].

4. Influence of noise

So far we have considered ideal conditions for constructing two-qubit gates. In experiments under real
conditions, however, charge noise in the potential barrier V(x) (see figure 1) limits the fidelity of two-qubit
gates and may impact the results presented in this paper. To model the performance of the derived protocols
we introduce charge noise in the exchange coupling. Here we assume the fluctuations in V to be small such
that the exchange coupling J0(V) is linear in V.

5
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Figure 4. Fidelity FN depending on σ/J0 for CZres
− , iSWAP+, CZnres

− at the gate times determined by equations (11), (12),
and (19). The case of a constant exchange with gate time τ0 = π/J0 is also shown in gray for reference. The parameters are
B= 1GHz,∆B=−100MHz, J0 = 20MHz, and ω = 200MHz. We use J1 = 16MHz and 20MHz for the CZres

− and iSWAP+
gates. The gate times are τ ≈ π/4µs,π/10µs,0.1563µs,0.1565µs for the CZres

− , iSWAP+,CZnres
− ,CZconst fidelity, respectively.

We estimate the influence of noise in V, and therefore J0, to have a Gaussian distribution around the
desired value. The influence of noise on the fidelity can then be calculated with

FN(τ,X(τ)) =

ˆ
R
F(U ′(τ, J0 + J),X(τ))p(J)dJ, (22)

where

p(J) =
1√
2πσ

exp

(
− J2

2σ2

)
, (23)

X(τ) = CZ(n)res
± (τ), iSWAP±(τ), (24)

and U ′ = U, Ũ refers to the actual solutions of the time evolution with and without the rotating frame as
required for the resonant and non-resonant case, respectively. The standard deviation σ of the Gaussian
distribution functions as a measure for varying noise levels. For comparison, the noisy fidelity FN of the CZ
gate with a constant exchange is given by

FN(τ,X) =
1

5

(
3+ 2e−

1
8σ

2τ 2
)
, (25)

with X= CZconst and the gate time τ = τn fulfills condition (19) using the analytical solution (16) with J1 = 0
to the time evolution.

4.1. Resonant case
Using time evolution (6) for the approximated solution Ures one can find an analytical solution to the
fidelity (22). For the locally equivalent CZ (iSWAP) gates the fidelity with noise takes the same form as given
in equation (25). Here we have X= X(τn,m) = CZres

± (τn,m) (iSWAP±(τn,m)) at the respective gate times
τ = τn,m fulfilling the conditions (11) and (12). The decay for FN(τn,m,X(τn,m)) follows a Gaussian curve but
does not, however, fall below a value of 0.6 for any n,m and σ.

For the set of parameters used for figure 2 one achievable gate time for each CZres
− (purple curve) and

iSWAP+ (red curve) is visible for the first microsecond. These gate times can be calculated through
equations (11) and (12) and are in fact the shortest gate times with J0 = 20MHz that also fulfill the condition
|J1|⩽ J0. With these parameters the integral for FN(τn,m) can be calculated numerically for the different gates.

Figure 4 shows the fidelity FN at the gate times of the respective quantum gates in the resonant case
depending on the noise to signal ratio σ/J0. Apparently, shorter gate times benefit the fidelity under
influence of noise which the analytical approximation predicts. Furthermore, the case with constant
exchange is shown in gray. The two-qubit gates we obtain from an oscillating exchange with a resonant
frequency have a similar fidelity as the CZ gate achieved with a constant exchange for rather low charge noise
σ/J0 ≲ 1%. The constant exchange maintains a high fidelity even for larger noise levels which can be
explained by the shorter gate time τ and the fidelity with noise decaying exponentially in τ .

Note that we find the shortest gate times to be τ5,2 and τ2,1 for the CZ
res and iSWAP gate respectively.

6
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4.2. Non-resonant case
Similar to the previous section the fidelity affected by noise can be calculated analytically with the
approximation Ũnon-res giving the same decay as in equation (25) with X= CZres

± at the gate times τ n
determined by equation (19).

Using the same parameters as in figure 3 one can calculate the first gate time τ = τ0 through
equation (19) related to the CZnres

− gate. At that gate time the fidelity FN for the respective locally equivalent
CZ gate for different noise levels can be calculated as depicted in blue in figure 4. For reference, the case of a
constant exchange at the first gate time τ 0 (with J1 = 0) is also shown.

The exponential decline in σ is predicted by equation (25). In this case, however, the gate times of the two
gates CZnres

− and CZconst are approximately the same, leading to a similar decline in σ/J0. The fidelity of the
CZnres

− gate at the first gate time with an oscillating exchange is slightly below the fidelity with a constant
exchange (see figure 3).

5. Conclusions

We provided a detailed theoretical description of two-qubit gates using oscillating exchange interaction
between two electron spins. For the resonant case with ω =∆B we have found conditions for parameters
(J0, J1, τ) to obtain a locally equivalent CZ and iSWAP gate by calculating the Makhlin invariants. In fact, we
have found the fidelity for these gates to be comparable to the conventional CZ gate with constant exchange.
Analogously, we have calculated the numerical fidelity for the far-detuned (|2∆B−ω| ≫ J1) CZ gate, which
performs similar as the constant case. We point out that the gates found in this work can be transformed into
regular CZ and iSWAP gates, respectively, by applying z rotations on the two qubits.

Moreover, we also took into account real experimental conditions by adding charge noise in terms of
Gaussian distributed deviations from the static part of the exchange interaction J0. We found that for
relatively small charge noise contributions the fidelity of the resonant solutions for the iSWAP and CZ gates
compare to the fidelity of the state-of-the-art exchange gate (J1 = 0), but drop rather quickly for larger
deviations due to longer gate times. Furthermore, the non-resonant solution lies slightly below the static case.

Here we did not take into account any further effects impacting the fidelity. However, in real spin qubit
devices the dynamical displacement of the electron in the magnetic gradient field induced by the oscillating
barrier gate voltage as well as crosstalk effects due to residual driving of neighboring gate electrodes can lead
to gate infidelities and need to be taken into account [26, 27]. These effects can, e.g. be compensated using
virtual gates [28–30].

In summary, oscillating exchange gates give rise to an additional two-qubit gate in the toolbox of
quantum gates for spin qubits and can perform equally well as their static counterpart when charge noise is
relatively low.
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