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The electron spin of a nitrogen-vacancy center in diamond lends itself to the control of proximal 13C nuclear
spins via dynamical decoupling methods, possibly combined with radio-frequency driving. Long-lived single-
qubit states and high-fidelity electron-nuclear gates required for the realization of a multiqubit register have
already been demonstrated. Towards the goal of a scalable architecture, linking multiple such registers in a
photonic network represents an important step. Multiple pairs of remotely entangled qubits can enable advanced
algorithms or error correction protocols. We investigate how a photonic architecture can be extended from the
intrinsic nitrogen spin to multiple 13C spins per node. Applying decoherence-protected gates sequentially, we
simulate the fidelity of creating multiple pairs of remotely entangled qubits. Even though the currently achieved
degree of control of 13C spins might not be sufficient for large-scale devices, the two schemes are compatible
in principle. One requirement is the correction of unconditional phases acquired by unaddressed nuclear spins
during a decoupling sequence.

I. INTRODUCTION

Electron and nuclear spins associated with the negatively
charged nitrogen-vacancy (NV) center in diamond are consid-
ered as a promising platform for several quantum technolo-
gies, including quantum sensing and quantum computing [1–
4]. The benefit of such a hybrid quantum register is that the
electron spin can be manipulated fast and with high-fidelity,
while the more robust nuclear spins may serve as long-term
quantum memory nodes. A major challenge on the way to
scalable quantum networks is the creation of long-range en-
tanglement links between different nodes. While two nearby
NV centers within one crystal can be directly coupled via
magnetic dipole-dipole interaction [5], a more flexible solu-
tion is to use spatially separate nodes and to establish the link
between them via a photonic network along with spin-photon
interfaces [6].

As an example for such a system, the three-level Λ sys-
tem consisting of the two |±1⟩ ground states and one opti-
cally excited state allows the creation of spin-photon entan-
glement by optical absorption and emission [7]. Then the
coupling of remote nodes is achieved by linear-optical ele-
ments, in particular by interfering the emitted photons from
a pair of nodes at a beam splitter and post-selecting the en-
tangled state of the two qubits [8]. Such a scheme has been
experimentally realized a decade ago [9], and has recently en-
abled a three-node quantum network [10]. However, scaling
up these networks further is challenging due to the low spin-
photon coupling efficiency, and because embedding NV cen-
ters in nanocavities comes with drawbacks. In this respect,
silicon-vacancy (SiV) color centers are more suitable for the
integration of nodes within an optical fiber network. Strong
cavity coupling has enabled high-contrast spin-dependent re-
flection from SiV-cavity systems, leading to a very efficient
(nearly deterministic) nanophotonic interface [11, 12]. Com-
bined with a controllable nuclear spin such as the 29Si spin,
this has led to a two-qubit register with nuclear spin–photon
gates [13]. Recently such a system has been integrated with
telecom-band systems to demonstrate the viability for scalable
quantum networking applications [14]. On the other hand, so
far multiqubit control and large memory nodes have been real-

ized mostly by means of the NV center with surrounding 13C
nuclear spins, which thus remains a very promising platform
for such applications at the moment.

In this paper, we focus on the theoretical proposal by
Nemoto et al. [15] for a photonic architecture based on a
simple module comprising an optical cavity containing a sin-
gle NV center, and discuss its extension to a larger number
of nuclear spin memory qubits to realize high-fidelity remote
quantum gates and potentially advanced error correction pro-
tocols. In recent years, the coherent and universal control over
the intrinsic nitrogen [16] and surrounding 13C nuclear spins
has been steadily improved by means of dynamical decou-
pling (DD) methods [17–20]. A combination of DD-based
control [17] with a single-photon-based entangling protocol
has already been used to implement an entanglement distilla-
tion protocol between distant nodes [6] based on one nuclear
spin pair. A more recent DD technique by Bradley et al. ad-
ditionally employs radio frequency (RF) driving, resulting in
high-fidelity control even for weakly coupled 13C spins [20]
and thus in a larger number of potential memory qubits. This
method, in short DDRF, will be analyzed in more detail to as-
sess the compatibility with photonic networks as considered
by Nemoto et al. [15].

Our paper is organized as follows. In Sec. II we dis-
cuss some practical issues arising when trying to combine
the photonic-network based entanglement scheme (Nemoto
scheme) with a DD/DDRF-based nuclear spin quantum reg-
ister (Bradley scheme). In Sec. III we assess the fidelity of the
entanglement transfer from the remote electrons onto the re-
mote nuclei. We build our model successively by first exclud-
ing all other spins except one target nuclear spin, and then in-
cluding either additional bath spins or additional spins belong-
ing to the quantum register. A total gate fidelity is obtained by
multiplying with the fidelity of the electron-electron entangle-
ment scheme, which is not modeled explicitly in this study,
and potentiating with the number of qubit pairs. In Sec. IV
we list further error sources which are not included by our
model, and discuss the usefulness of the scheme with regard
to scalable quantum networks. We summarize our findings in
Sec. V.
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II. REMOTE NUCLEAR SPIN ENTANGLING SCHEME

A. Generation of a single pair of remote entangled qubits

We consider two remote NV centers (labeled a and b), each
with p nuclear spins na,b

i (i = 1, . . . , p), which we aim to
entangle pairwise. Since only one qubit, realized by the elec-
tron spin, is available for the interaction with the cavity pho-
tons, a multiplexing approach [21] is not applicable and en-
tangled pairs can be created only sequentially. The generation
of entanglement between one pair of remote nuclear spins can
be divided into three steps, each consisting of several gates
(see Fig. 1): (i) initialization of the electron and nuclear spin
in each node, (ii) photon-mediated entanglement generation
between remote electron spins and concomitant decoupling
of nuclear spins, and (iii) transfer of the entanglement from
the electron spins onto the nuclear spins, followed by a mea-
surement of the electron spin as entanglement is created non-
deterministically. Here we discuss these steps in more detail:

(i) In both Nemoto et al. [15] and Bradley et al. [20] the
initialization of the electron spin is based on a projective mea-
surement via spin-photon entanglement. The details differ,
because the setup by Nemoto et al. does not allow resonant
excitation of a single transition or fluorescence detection [22],
which are used in Bradley et al. We therefore choose the
quantum non-demolition measurement (QND) approach by
Nemoto et al., where the electron spin is probed by a single
photon a number of times. The initialization of the nuclear
spin, on the other hand, can be achieved by a combination of
single-qubit and two-qubit gates. The single-qubit gates, i.e.
electron-spin rotations, are performed by microwave (MW)
driving fields. The only difference is thus in the two-qubit
gate: In the Nemoto scheme, it is performed by the natural hy-
perfine generated CPHASE gate. The Bradley scheme swaps
the state of the initialized electron spin onto a particular 13C
spin by using two CNOT gates (see Fig. 4(a) in [20]). In or-
der to keep other nuclear spins decoupled, this CNOT gate is
realized by a conditional DDRF sequence. It is worth noting
that as a tradeoff to the large number of available qubits the
control of weakly coupled 13C spins is roughly three orders of
magnitude slower than controlling the intrinsic nuclear spin.
(For the case of the 14N spin, initialization is performed by a
measurement-based scheme which heralds the preparation in
a particular eigenstate [20].)

(ii) The remote entanglement is created in the Nemoto pro-
tocol by single-photon interference using beam splitters, com-
bined with electron spin-dependent reflection from the cavity.
We can apply this scheme to the Bradley setup. The successful
event is a photon detector click at the dark port. In the absence
of losses its probability is 0.125, so that a repeat-until-success
scheme is required (but alternative schemes with a higher
probability exist). In the application to the system consid-
ered here, comprising many 13C nuclear spins, an important
point is to keep the nuclear spins decoupled from the electron
spin during this process. In the Nemoto protocol, after each
attempt, whether successful or not, a spin-echo technique is
applied to decouple the 15N spin. There is, however, a slight
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FIG. 1. Circuit diagram for the entanglement of one nuclear spin (na
1)

of node a with the corresponding nuclear spin (nb
1) in another node

b, via the electron spins ea and eb of nodes a and b. The sequence
of gate blocks consists of nuclear spin initialization (INIT.), electron
spin initialization (INIT.), non-deterministic remote electron-spin en-
tanglement creation (ENT.), decoupling sequence (DEC.), and en-
tanglement transfer to the nuclear spin (ET). The process is repeated
subsequently for nuclear spins na

2 and nb
2 (see Fig. 3). Bottom panel:

schematic drawing of a single photon–based Michelson interferome-
ter which can be used for entangling the remote electron spins. Each
node is embedded in an optical cavity with spin-dependent reflection
coefficient. The interaction of the photon with the cavities and with
beam splitters (shown in gray) leads to non-deterministic entangle-
ment creation when the detector clicks at the dark port [15].

phase rotation, which needs to be corrected later. Due to the
decoupling, there is no need to reinitialize the 15N spin in the
case that the attempt has failed (see arrow in Fig. 1). For the
Bradley setup, most nuclear spins are coupled weakly, so that
their natural coherence time might be long compared to the
duration of the photonic scheme (including repetitions). In the
presence of strongly coupled nuclear spins, DD can be applied
as soon as the electron is initialized to the |+⟩ state prior to the
spin-photon interaction. Note that after the detection of a pho-
ton at the dark port, the electron state is |0⟩a |1⟩b − |1⟩a |0⟩b,
which (like |+⟩) is also left invariant by DD π-pulses applied
simultaneously in both nodes. Since the intrinsic 14N spin is
strongly coupled it requires DD on its own, unless it is in a
polarized state (i.e., not storing a memory qubit), where it re-
mains stable due to the large quadrupole splitting. We thus
conclude that all nuclear spins can be decoupled during the
creation of remote node entanglement. However, analogous
to the slight phase rotation mentioned above for the Nemoto
scheme, each nuclear spin is subject to an unconditional rota-
tion, depending on its hyperfine parameters. This needs to be
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fixed if the nuclear spin stores a memory qubit.

(iii) Transferring the remote entanglement requires the
same type of control as initializing nuclear spins. While in
Nemoto the natural CPHASE gate is used, this can again
be replaced by the CNOT gate obtained from the DDRF ap-
proach. Bradley reported the control of both 14N or 13C nu-
clear spins with DDRF [20], so no separate technique is re-
quired. Some 13C spins may be controllable with DD alone
depending on their hyperfine tensor. In addition to the two-
qubit gate, single-qubit gates may be needed to bring the en-
tangled state into the desired form. The entanglement transfer
is completed by measuring the electron spins, which projects
the pair of nuclear spins into one of four possible maximally
entangled states.

The circuit diagram in Fig. 2 (a) effectively shows the gen-
eration of remote nuclear entanglement in the Nemoto proto-
col, omitting the initialization and decoupling steps, timing
issues, and repeat-until-success scheme. After the photon-
based entangling scheme, effectively represented by the gate
group in the green box, the electron pair is in the singlet
(Bell) state (|01⟩ − |10⟩)/

√
2. The electron spin in node b

is then rotated by −π/2 around Y to transform this state into
a two-qubit cluster state (|0+⟩ − |1−⟩)/

√
2. The following

CZ operations are obtained naturally by waiting half a period
of the effective hyperfine interaction Anet = A∥ − A2

⊥
2Γ with

Γ = D+ γeBz − γnBz [23]. The Hamiltonian of the NV-15N
system is

H = DS2
z+γeBzSz−γnBzIz+A∥SzIz+A⊥(SxIx+SyIy),

(1)
where D is the zero field splitting of the electron triplet state,
and the operators Sα and Iα are the spin-1 and spin-1/2 op-
erators of the electron and nuclear spins respectively. The
magnetic field Bz is applied along the NV axis, and γe (γn)
is the gyromagnetic ratio of the electron (nuclear) spin. A∥
(A⊥) denotes the axial z (x and y) component of the hy-
perfine tensor. After a further single-qubit π/2 rotation, the
electron spins are measured in the computational basis so
that the nuclear spins are projected onto a two-qubit clus-
ter state. Up to measurement-dependent Pauli corrections,
which are classically tracked, the combined nuclear state is
1√
2
(|n+ ↑⟩+ |n− ↓⟩), where |n±⟩ = 1√

2
(|↓⟩ ± |↑⟩).

Fig. 2(b) shows a similar circuit resulting in the same set
of possible outcome states for the four different measurement
results. Here the central two-qubit gate in the entanglement
transfer process is a CNOT instead of the CZ. The additional
two-qubit gate after the measurement is optional; it is included
here to obtain the same nuclear qubit states as from Fig. 2 (a).
Note that this scheme requires initialization of nuclear spins
in a polarized state only, while (a) requires the superposition
state |n+⟩ prior to electron-electron entanglement. This faster
initialization compensates the slower CNOT entangling gate
so that the total durations of the two circuits are expected to
be comparable.

(a)

na |n+⟩

ea |0⟩

eb |0⟩

nb |n+⟩

Z

π Z
π
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π
2 −π

2
π
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(b)

na |↓⟩

ea |0⟩ |1⟩

eb |0⟩ |1⟩

nb |↓⟩

π
2

π Z
π
2

π
2 −π

2
π
2
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FIG. 2. (a) Effective circuit diagram for the Nemoto scheme, (b)
CNOT-based alternative resulting in the same set of nuclear states.
The gates in the green box effectively represent the entangling
scheme via the photonic network (in the successful case); directly
afterwards the electron-electron state is |0a1b⟩ − |1a0b⟩. Note that
single-qubit gates depend on the electron spin being in the state |1⟩,
as seen at the end of the circuit. Angles denote rotations about the y
axis. Labels and colors of nuclear and electron spins are as in Fig. 1.

B. Extension to multiple pairs of remote entangled qubits

In the extension of this scheme to multiple pairs of entan-
gled nuclear spins several possible problems need to be taken
care of. The most natural way seems to be the sequential ap-
plication of the scheme outlined above to each addressed nu-
clear spin. This would correspond to initializing each nuclear
spin directly before addressing it, but this might not be the
best choice because of the deleterious effect of nuclear-spin
preparation on other spins. As an application of their DDRF
scheme, Bradley et al. report the preparation of a GHZ state
(Fig. 5(a) in [20]), in which case they initialize all nuclear
spins first. With this choice, the corresponding scheme to cre-
ate two pairs of entangled qubits is shown in simplified form
in Fig. 3. While entangling one nuclear pair, it is obvious that
other nuclear spins need to be protected in their state, whether
it stores remote entanglement or not yet. In a simplified man-
ner, we can thus investigate the ideal elementary process en-
closed by the dotted line, which is sequentially applied to each
target pair. If we assign the fidelity Fenn̄ to such an elemen-
tary electron to nuclear storage process, where n̄ stands for
p− 1 unaddressed nuclear spins, the total gate fidelity for en-
tangling p pairs of nuclear spins (e.g., p = 2 in Fig. 3) in the
case of uncorrelated errors amounts to F = F p

eeF
p
enn̄,aF

p
enn̄,b,

where Fenn̄,i denotes the electron-nuclear transfer fidelity in
node i. If we take the two nodes as identical for simplic-
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FIG. 3. Schematic circuit diagram for creating remote (node-to-
node) entanglement in two pairs of qubits. Electron initialization
and single-qubit gates have been omitted. The transfer onto nuclear
spins is indicated by CNOT gates and electron measurements. The
dotted line frames the elementary process which is applied multiple
times. Each node can comprise several additional bath nuclear spins
which are not shown here.

ity, then F = F p
eeF

2p
enn̄. As expected from previous stud-

ies [20, 24], we find that the presence of further bath spins,
which are never targeted, further diminishes the total gate fi-
delity due to the unavoidable imperfection of the DD tech-
nique.

The key process that is needed thus consists of a controlled
gate on a target nuclear spin qubit, which leaves all other nu-
clear spins untouched. In general the gate fidelity of this pro-
cess will depend on hyperfine parameters and on the physical
implementation of the gate. We calculate a gate fidelity for the
elementary process with the CNOT gate realized by a DDRF
sequence in the next Section. In this study we do not explicitly
model the electron entangling scheme, but fix the value Fee to
0.99 [15].

III. DDRF SIMULATIONS

A single node consists of the electron spin, the nuclear spins
belonging to the multiqubit register, and possibly further nu-
clear spins forming a bath. In general this is a highly complex
system, but since we employ the secular approximation and
neglect direct interactions between nuclear spins (see below),
the dynamics of different nuclei are independent. Therefore,
a single simulation needs to include only a single 13C nuclear
spin coupled to the NV center electron spin by the hyperfine
interaction. Depending on whether the hyperfine parameters
are fitting to the DDRF sequence parameters or not, the mod-
eled spin is a target or an unaddressed spin of the controlled
operation. The obtained evolution operators from different
simulations can be combined to give the gate fidelity for more
complex processes. In general, such a gate fidelity can be cal-
culated according to [25, 26],

F =
d+

∣∣∣Tr
[
V †

idealVactual

]∣∣∣
2

d(d+ 1)
, (2)

where Videal and Vactual are the unitaries describing the desired
(ideal) and actually obtained quantum operations in a Hilbert
space of dimension d (e.g., d = 8 for the elementary process
highlighted in Fig. 3). By applying this formula to the evo-
lution within one node, an overall phase change of the state
in one node is not captured, but this is irrelevant. We apply
the method described above to the simplest system with only
one target spin present in Sec. III A, and with one additional
unaddressed spin present in Sec. III C, which are combined
in Sec. III D. Another type of spin, which is not part of the
quantum register (i.e., never used as target spin) is referred to
as bath spin and its influence on the fidelity is analyzed sepa-
rately as described in Sec. III B.

In the choice of the electron qubit subspace (states |0⟩ and
|1⟩) we follow Ref. [20], where these qubit computational ba-
sis states correspond to the ms = 0 and −1 states with ms

being the magnetic quantum number, while ms = 0 and +1
are used in the Nemoto protocol. Both the DDRF scheme and
the Nemoto protocol require a constant magnetic field applied
along the NV axis (ẑ). Nemoto et al. [15] suggest 20 mT
to separate the ms = ±1 electron states. The accuracy of
the DDRF scheme benefits from a stronger field; 40.3 mT are
chosen by Bradley et al. [20], which is still compatible with
the Nemoto protocol and thus adopted here.

The Hamiltonian of the NV-13C system is given by

H = ωLIz +A∥SzIz +A⊥SzIx + 2Ωcos(ωt+ ϕ)Ix, (3)

where the electron energy splitting (i.e., the terms DS2
z +

γeBzSz from Eq. (1)) has been removed by switching to a ro-
tating frame, and the non-secular terms have been neglected.
The operator Iα is again a spin-1/2 operator, now for the
13C nuclear spin. The magnetic field Bz applied along the
NV axis enters through the nuclear spin Larmor frequency
ωL = γnBz , where γn is the gyromagnetic ratio of the 13C
spin. Furthermore, A∥ (A⊥) denotes the component of the
electron-nuclear hyperfine interaction parallel (perpendicular)
to ẑ, where the presence of only one nuclear spin allows the
choice of x̂ for the perpendicular direction. Note that A⊥ is
defined differently from A⊥ in Eq. (1). The final term de-
scribes the RF driving of the nuclear spin by a field polarized
along x with frequency ω, phase ϕ, and Rabi frequency Ω.

Following Ref. [20], the DD sequence is chosen as (τ - π -
2τ - π - τ )N/2, where π is a π-pulse on the electron spin, 2τ
is the interpulse delay, and N is the total number of electron
decoupling pulses [17, 27, 28]. The evolution of the nuclear
spin during this sequence is analyzed separately for the two
initial electron eigenstates: |0⟩ and |1⟩. When the electron
is in the state |0⟩, the nuclear spin precesses with the bare
Larmor frequency ωL around ẑ. For the electron state |1⟩, its

frequency is ω1 =
√
A2

⊥ + (ωL −A∥)2, and the quantization
axis A⊥x̂+(ωL−A∥)ẑ is tilted by an angle β from ẑ, defined
by cos(β) = (ωL − A∥)/ω1. For a conditional rotation, the
RF pulse phases are chosen as [20]

ϕk =

{
(k − 1)ϕτ + φ+ π, k odd,
(k − 1)ϕτ + φ, k even, (4)

where ϕτ = (ωL − ω1)τ and k = 1, . . . , N + 1 labels each
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FIG. 4. Bloch spheres showing the nuclear spin trajectories of target
(a-d) or unaddressed (e-f) spins during a DDRF CROT gate. (b) and
(d) are top views of (a) and (c), respectively. The initial state, shown
by the yellow arrow, is chosen as |↑⟩ (|n+⟩) for the addressed (unad-
dressed) nuclear spins. The blue (red) path shows the evolution when
the electron is initially in the state |0⟩ (|1⟩). After the drawn evolution
ends (marked by dots), another change of rotating frame, Rσ(2Nτ)†

from Eq. (A3), and the phase correction Rz(−Nω1τ) are applied to
arrive at the final state (in the rotating frame of Eq. (3)) indicated by
the blue/red arrows. In (a-b) we set N = 8 for a clearer image, while
in (c-f) our default value N = 48 is used. The hyperfine parameters
are A∥ = 2π · 50 kHz and β = 0 for the target spin. For the unad-
dressed spins, Ā∥ = 2π · 30 kHz in both (e-f), and they differ by (e)
β̄ = 0 and (f) β̄ = 0.1. In (f), with β̄ ̸= 0 the evolution is shown in
alternating rotating frames R0(t) and R1(t), see App. A.

successive RF pulse. The rotation axis of the gate is adjusted
by the phase φ. Since we approximate the electron π-pulses
as instantaneous, a piecewise treatment renders the simulation
effectively time-independent. The derivation of the evolution
under the DDRF sequence closely follows Ref. [20] and is
given in App. A. Its solution is performed using the QuTip

Python package [29].
Since we take the quantum register of Ref. [20] as a proto-

type, we adopt some of the experimental parameter values. In
particular, we set the Larmor frequency to ωL = 2π · 432 kHz
(corresponding to a B field of about 40 mT), the number of
π pulses to N = 48 (except in Fig. 4 (a)), and the interpulse
duration as an integer multiple of the Larmor precession time
τL = 2π/ωL, namely τ = 8τL. The parallel hyperfine com-
ponents of the 13C nuclei are in the kHz range; our primary
target nucleus is chosen with A∥ = 2π · 50 kHz. For the
considered magnetic field and the entire set of 13C spins in
Ref. [20], the tilting angle β varies in the range from 0 to
roughly 0.1. The target spins can be usually selected such that
β ≪ 0.1.

The remaining parameters are fixed by the desired electron-
nuclear gate for storage of the electron spin qubit into the
addressed nuclear spin. Among the available nuclear spins,
the target spin is selected by the condition ω = ω1. Since
our desired gate is a maximally entangling CROT gate, i.e.
controlled-Rx(±π

2 ), the driving Rabi frequency Ω is chosen
to give a π/2 rotation over one sequence. In the simplified
DDRF model from Ref. [20] (neglecting A⊥ and off-resonant
driving) this would correspond to NΩτ = π

2 , while in the
more accurate model used here this needs to be corrected by
a factor ≲ 1. The optimal value of this factor is determined
via fitting. The phase offset φ can be freely chosen such that
the target spin ends up in the desired state. Here, we can set
φ = 0 by making use of a different phase correction described
in the following paragraph.

An inherent effect of the DD technique is an unconditional
rotation of all other nuclear spins depending on their hyper-
fine parameters [30]. Due to the relatively strong magnetic
field, this rotation is roughly around the z axis, c.f. Fig. 4 (e-
f), and the total azimuthal phase acquired by each spin can
be approximated by N(ωL + ω1)τ , depending on its individ-
ual parameter ω1. This individual precession necessitates a
phase correction scheme in order to obtain a meaningful fi-
delity. In particular, we apply the operation Rz(−Nω1τ) af-
ter the DDRF sequence which is distinct for each nuclear spin.
Note that the other contribution to the phase needs no correc-
tion since ωLτ = 0 modulo 2π. In practice, it might only
be possible to track this phase classically, rather than correct-
ing it. With this correction applied and the setting φ = 0,
the target gate fidelity is smaller by a value on the order of
10−6 compared with setting φ to its optimal value. As will be
seen, this is not relevant compared with the influence of other
nuclear spins.

A. Target nuclear spin without further spins

We first consider the fidelity of the target spin operation on
its own. As an example, Fig. 4 (a-b) shows the conditional
evolution during a CROT gate Rx(±π

2 ) acting on a target nu-
clear spin initially in the state |↑⟩, for two different values
of N . As mentioned above, our default value is N = 48,
but for demonstration purposes we also include the evolution
in Fig. 4 (a,b) with N = 8, in analogy to Fig. 2 (c,d) in
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FIG. 5. Gate fidelities of the DDRF sequence, calculated from
Eq. (2), for the conditional rotation of a target nuclear spin (A∥ =
2π · 50 kHz), in the absence (black dotted line) or presence (other
lines) of one unaddressed spin (Ā∥ = 2π · 30 kHz). In the first case,
the ideal evolution is given in Eq. (5). In the second case, the ideal
evolution is given in Eq. (15), and we vary either the target parameter
β or the non-target parameter β̄, keeping the other one fixed to the
value indicated in the legend.

Ref. [20]. Note that in the more accurate model employed
here, the evolution is not idealized, i.e. it does not alternate
between pure precession (azimuthal motion) and pure driving
(polar motion). For this reason, to obtain a rather accurate
CROT we had to choose a higher value of τ (our standard
value τ = 8τL) which is around four times larger than in
Fig. 2 (c,d) in Ref. [20]. Note that since we choose β = 0 for
the target spin in Fig. 4 (a-d), the two rotating frames R0(t)
and R1(t) introduced in App. A coincide. The final states, in-
dicated by the arrows, are drawn in the original rotating frame
of the Hamiltonian (3), after applying the azimuthal phase cor-
rection Rz(−Nω1τ) introduced above.

The gate fidelity, calculated from Eq. (2), for the condi-
tional rotation Rx(±π

2 ), i.e.,

Videal = |0⟩ ⟨0| ⊗Rx(
π
2 ) + |1⟩ ⟨1| ⊗Rx(−π

2 ), (5)

is shown in Fig. 5 by the black dotted line as a function of β.
Larger values of N improve the fidelity, while larger values
of τ do not (not shown). For the chosen parameter values
(N = 48 and τ = 8τL), the gate infidelity is on the order of
10−6 for β = 0. In a typical nuclear spin register [20], with
target subset much smaller in number than the whole nuclear
bath, a target spin can be selected with a rather small value
of β, say 0.01. In this case, the target gate operation has a
rather high fidelity and, as we will see below, the main error
source is the presence of further nuclear spins, in particular,
those with similar values of A∥. We note that in practice, the
fidelity even for a single nuclear spin might be lower because
of the finite duration of π-pulses and inaccurate RF frequency
or phase.

B. Bath spin

We now add to the system a single further nuclear spin,
which is not part of the quantum register, and evaluate its in-
fluence on the gate fidelity of target nuclear spins. This de-
coherence effect is indicated by the arrows labeled (I) in the
inset of Fig. 6. As mentioned above, the evolution of the target
spins is the same in the presence or absence of bath spins; it
is just the entanglement created between the electron and the
bath nucleus which negatively affects the gate fidelity. Fol-
lowing Ref. [24], we consider L nuclear spins, of which K
belong to the target subspace. This subspace includes both
the addressed (n) and unaddressed (n̄) spins (e.g., K = 2 for
the system drawn in the inset of Fig. 6), since their evolution
defines our total gate fidelity. By contrast, the L − K bath
spins act through the quantum channel defined by the partial
trace over these spins. The total evolution operator is written
such that target spins appear before bath spins in the tensor
product,

U =
∑

j∈{0,1}

σjj

K⊗

k=1

R
n

(k)
j

(ϕ
(k)
j )

L−K⊗

l=1

R
n

(K+l)
j

(ϕ
(K+l)
j ),

(6)
where σjj = |j⟩ ⟨j| are the electron’s projectors, and Rnj

(ϕj)
the conditional rotation operators. Since in this part we are
just interested in the influence of the bath itself, we assume
that the actual evolution (described by U from Eq. (6) with
L = K) of the target spins is the same as the ideal one,

U0 =
∑

j∈{0,1}

σjj

K⊗

k=1

R
n

(k)
j

(ϕ
(k)
j ). (7)

The same choice has been made by Takou et al. [24], so we
can follow their evaluation of the partial-trace channel of the
bath spins. In the operator-sum representation [31], the fi-
delity of a general quantum operation takes the form

F =
1

d(d+ 1)

∑

i

tr[(U†
0Ei)

†U†
0Ei] + |tr[U†

0Ei]|2, (8)

where d = 2K+1. Here i runs over the 2L−K complete com-
putational basis states of the environment, and Ei is the Kraus
operator of the partial-trace quantum channel, which is de-
rived from the operator U in Eq. (6) as

Ei =
∑

j

c
(i)
j p

(i)
j σjj

K⊗

k=1

R
n

(k)
j

(ϕ
(k)
j ). (9)

The coefficients are defined as

c
(i)
j =

mM∏

m=m1

⟨↑ |Ψ(m)
j ⟩ , (10)

p
(i)
j =

sL−K−M∏

s=s1

⟨↓ |Ψ(s)
j ⟩ , (11)
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where the number M = M(i) counts the zeros in the basis
state i; when M = 0 (M = L−K) then c

(i)
j = 1 (p(i)j = 1).

The state |Ψ(m)
j ⟩ is defined analogously to the above as the

final state of bath nucleus m conditional on the initial electron
state j. The initial state of all bath nuclear spins has been cho-
sen to be |↑⟩ without loss of generality. Substituting Eqs. (7)
and (9) into Eq. (8) and using the completeness of the Kraus
operators,

∑
i E

†
iEi = 1, one finds the gate fidelity of the

target subspace as

F =
1

2K+1 + 1


1 + 2K−1

2L−K∑

i=1

∣∣∣
∑

j∈{0,1}

c
(i)
j p

(i)
j

∣∣∣
2


 .

(12)
When the bath spins perform an unconditional rotation,
|Ψ(K+l)

0 ⟩ = |Ψ(K+l)
1 ⟩ for l = 1, . . . , L − K, the fidelity

is equal to one. This also means that the phase correction
scheme applied above makes no difference here. Remember
that this formula describes the influence of the bath spins on its
own, since we have assumed the target evolution to be ideal.
The formula is applicable to any number of target and bath
spins. For L = 2 and K = 1 we obtain the influence of a
single bath spin on the fidelity of the single addressed nucleus
(the situation shown in the inset of Fig. 6 without the spin n̄;
to include spin n̄, increment L and K by one),

F =
1

5


1 +

∣∣∣
∑

j∈{0,1}

⟨↑ |Ψj⟩
∣∣∣
2

+
∣∣∣
∑

j∈{0,1}

⟨↓ |Ψj⟩
∣∣∣
2


 .

(13)
To evaluate this scenario we run a simulation of a single
DDRF sequence targeted at the addressed spin as usual, hence
F becomes implicitly dependant on the target spin hyper-
fine parameters. Figure 6 shows the infidelity as a function
of the bath spin hyperfine parameters. The maximal value,
1 − F = 0.4, indicated by the horizontal dashed line, is ob-
tained for orthogonal states |Ψ0⟩ and |Ψ1⟩. The result is well
approximated by the function

1− F ≃ sinc2

(
N(Ā∥ − Āres

∥ )τ

2

)
, (14)

shown by the dotted lines in Fig. 6, and where Āres
∥ is deter-

mined from the condition ω̄1 = ω1 for given A∥, β, and β̄.
The fidelity due to the bath spins can be multiplied with our
total gate fidelity from above. In general, our finding confirms
that it is important to choose target nuclei which are spectrally
well separated from unwanted nuclei. For non-vanishing bath-
spin parameter β̄, the choice of an integer ratio τ/τL is crucial
for the strong resonance feature of 1 − F , which is taken ad-
vantage of in the experiment [20].

C. Unaddressed spin

We now inspect the evolution of an additional nuclear spin
n̄, which is not addressed during the current DDRF sequence

30 40 50 60 70
A / 2  [kHz]

10 6

10 5

10 4

10 3

10 2

10 1

100

1
F

=  0.0
=  0.1n̄ |n+⟩

n

e

(I)

(II)

FIG. 6. Infidelity of the ideally performed target CROT operation on
a single target spin due to the presence of a (never addressed) bath
spin. The DDRF parameters are the same as in Fig. 4 (c-d), i.e.,
N = 48 , A∥ = 2π · 50 kHz, β = 0, and τ = 8τL. The dotted
lines correspond to Eq. (14). The horizontal dashed line indicates
the maximal value of 1− F = 0.4. The inset shows the elementary
process (c.f. the dotted box in Fig. 3) with an additional bath nuclear
spin, represented by the unlabelled yellow dot. Its decohering in-
fluence on the target spin operation (with just a single target spin or
another unaddressed spin included) is represented by zigzag-shaped
arrows (I) and analyzed in Sec. III B. The conditional effect of the
target operation on the unaddressed spin, indicated by the arrow (II),
is described by nearly the same result shown here, see Sec. III C.

but is neverthless part of the quantum register. The spin is
supposed to be either in an initialized state (|↑⟩), or entangled
with a nuclear spin in a distant node (e.g., as a result of a
previous round of entanglement production and storage). In
either case, the goal is to preserve its state as much as possible.

Due to the decoupling technique, the unaddressed spin is
not much affected by the driving rf pulses, and roughly per-
forms an unconditional rotation around ẑ, provided its hyper-
fine parameters, especially Ā∥ (where the bar over hyperfine
parameters stands for an unaddressed spin), are sufficiently
distinct from those of the addressed spin. This can be seen for
β̄ = 0 and β̄ = 0.1 in Fig. 4 (e) and (f), respectively. The
final azimuthal phase is approximately corrected by the oper-
ation Rz(−Nω1τ) as described above. When the hyperfine
parameters of the set of target spins are known, their individ-
ual acquired phases can be tracked classically [32].

With the phase correction scheme applied, the fidelity of
the DDRF sequence preserving the state of unaddressed spins
mainly depends on the overlap of the two final states |Ψ0⟩
and |Ψ1⟩, where the index denotes the electron state before
and after the DDRF sequence. This is essentially the same
effect analyzed in the previous subsection. In fact, the error
probability is given by 1 − | ⟨Ψ0|Ψ1⟩ |2 = 5(1 − F ), where
1 − F is the infidelity due to a bath spin shown in Fig. 6 and
approximately given by Eq. (14). This holds for any Ā∥ with
|Ā∥ − Āres

∥ | > 2π/Nτ , i.e., outside the region of the central
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peak of 1−F . Inside this region, the error probability depends
on the initial state of the unaddressed spin. As for the bath spin
that is never addressed, the universal result outside the central
peak region relies on the choice of integer ratio τ/τL, at least
for β̄ ̸= 0. We can conclude here that different target spins
should also be spectrally separate.

D. Combined gate fidelity

We are now ready to discuss the gate fidelity for the entire
process creating an entanglement link, still considering only
a single node in our evaluation. Apart from any bath spins,
a simple model node (c.f. Fig. 3) contains three spin qubits
(electron, target nuclear spin, and unaddressed nuclear spin)
with two basis states each, thus d = 23 in Eq. (2). The ideal
evolution for the CROT operation in this system is

Videal = |0⟩ ⟨0|⊗Rx(
π
2 )⊗σ0+ |1⟩ ⟨1|⊗Rx(−π

2 )⊗σ0. (15)

The dashed (solid) lines in Fig. 5 show the resulting gate
fidelity F when the tilting angle β (β̄) of the target (unad-
dressed) spin is varied. The curve labeled β = 0 represents,
e.g., F as a function of β̄ for β = 0 fixed. For β = β̄ = 0 and
the chosen parameter values (Ā∥ = 2π ·30 kHz), the infidelity
1− F approaches a value on the order of 10−4, which essen-
tially corresponds to the error probability at these parameters,
see Fig. 6, so it is limited by the unintentional conditional ef-
fect on the unaddressed spin. For increasing β̄, the infidelity
starts oscillating, with maximal values on the order of 10−2.
This is mainly caused by the imperfection of our phase cor-
rection method, which still allows for slight rotations of the
unaddressed nuclear spin from its initial state. The two curves
β = 0 and β = 0.1 differ by a nearly constant factor, which
is roughly the factor by which the pure target fidelity (shown
by the black dotted line) decreases. When varying β instead
of β̄ (dashed lines), the overall behaviour is very similar, but
the oscillations are far less pronounced. The influence of bath
spins can be included according to the method described in
III B.

The results obtained so far can now be used to estimate a
lower bound for the gate fidelity of more complex processes.
For example, consider the entangling scheme of each pair of
nuclear spins per node in Fig. 3. In each node one has to ap-
ply two instances of the elementary process highlighted by the
dotted line. Considering one node, as an example, we assume
that n1 has β1 = 0 and n2 has β2 = 0.1. The correspond-
ing fidelity can be estimated from the product of two fidelity
data points in Fig. 5, namely 0.996 × 0.998 ≈ 0.994. We
have simulated such a scheme (for discrete parameter values
only, hence no plot is shown) in order to confirm that the fac-
torization into elementary process fidelities indeed holds. In
the same way we can now include the other node from Fig. 3.
Taking the example values Fee = 0.99 and Fenn̄ = 0.99 (for
each node), one obtains the fidelity for entangling p = 2 pairs
in remote nodes as F = F p

eeF
2p
enn̄ = 0.996 ≈ 0.94. Note that

our model still neglects further decoherence processes such as
those caused by direct interactions between nuclear spins.

IV. DISCUSSION

With the chosen approach of sequentially entangling re-
mote nuclear spins, the total gate fidelity steadily declines
with the number of pairs p. The concrete values strongly de-
pends on the perpendicular hyperfine components of the target
spins. Our calculated example value of 0.94 for p = 2, even
without any bath spins included, would be already rather low
and might imply the necessity for entanglement purification
or other correction steps. We have already mentioned further
neglected error sources above: finite durations of π-pulses,
decoherence due to neglected (e.g., non-secular) terms in the
Hamiltonian, inaccurate RF frequency or phase, and timing
issues. In principle, the fidelities reported in Ref. [20] for en-
tangling nuclear spins within a single node provide a better
picture on what is experimentally achievable in such systems.
On the other hand, we have not included further techniques
helpful for reducing error rates, in particular pulse shaping for
realizing optimal control.

In the approach considered here, based on the Nemoto
scheme, pairwise remote qubit entanglement is created but
any intranode entanglement is avoided. With an increasing
number of pairs, more of this entanglement resource is avail-
able for fault-tolerant quantum computation. However, the
downside are gate times several orders of magnitude longer
than when only the intrinsic nitrogen is used. It is question-
able whether decoherence can be sufficiently avoided by DD
on these time scales. In this sense the photon-based Nemoto
approach with a fast electron-electron entanglement scheme
seems to fit better to the intrinsic nuclear spin than to more
weakly coupled nuclear spins. However, it might be worth
discussing possible modifications to this scheme. One ex-
ample would be to create multipartite intranode entanglement
through the approach developed in Refs. [24, 33]. A promis-
ing solution might be the creation of one cluster (consisting
of five nuclear spins) from the Nemoto approach just in one
NV center. However, specific states are challenging to create
by this approach for a register with random hyperfine param-
eters. Furthermore, the electron-nuclei gate times are still in
the ms regime so that decoherence remains an issue. Another
use of multiple nuclear spins could be error correction within
one node [34].

V. CONCLUSIONS

We have inspected the compatibility of the photonic net-
work approach to entangling remote NV centers with a mul-
tispin environment provided by weakly coupled 13C nuclei.
In principle this is realizable by means of DD or DDRF se-
quences to address nuclear spins individually, for instance to
initialize them or to transfer an electron-electron entangle-
ment link onto a nuclear pair. In practice, however, some
challenges remain to be addressed. From our result for the
gate fidelity we conclude that the accuracy of the multispin
register strongly declines with the number of target spins, and
further declines with the presence and number of unwanted
spins. The properties of the NV center environment in dia-
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mond are crucial for the fidelity values. The unconditional
rotation of other target nuclear spins during a DD/DDRF se-
quence on one target could be another practical issue. Realis-
tically speaking, the use of a multispin environment with each
NV center does seem to make the realization of a scalable

quantum computing network easier.
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Appendix A: Derivation of DDRF evolution operators

In this Appendix we recapitulate the derivation of the evo-
lution operators describing the conditional dynamics of a nu-
clear spin under a DDRF sequence. The same derivation
is contained in the Supplementary Material (Sec. III.C) of
Ref. [20]. The Hamiltonian (3) can be written as

H = |0⟩ ⟨0|H0 + |1⟩ ⟨1|H1,

H0 = ωLIz + 2Ωcos(ωt+ ϕ)Ix,

H1 = ω1Ĩz + 2Ω̃x cos(ωt+ ϕ)Ĩx + 2Ω̃z cos(ωt+ ϕ)Ĩz,

(A1)

where, accounting for the tilted nuclear spin quantization axis
(when the electron is in |1⟩), we have introduced,

Ĩx = Ry(β)IxRy(β)
† = cos(β)Ix − sin(β)Iz,

Ĩy = Ry(β)IyRy(β)
† = Iy,

Ĩz = Ry(β)IzRy(β)
† = cos(β)Iz + sin(β)Ix,

Ω̃x = Ωcos(β), Ω̃z = Ωsin(β),

and Ry(θ) = e−iθIy . It is convenient to define two different
rotating frames depending on the electron spin state; R0(t) =
eiωtIz and R1(t) = eiωtĨz . The transformed Hamiltonians are
given by

H ′
0 = R0(t)(H0 − ωIz)R0(t)

†

= (ωL − ω)Iz +Ω(cos(ϕ)Ix + sin(ϕ)Iy),

H ′
1 = R1(t)(H1 − ωĨz)R1(t)

†

= (ω1 − ω)Ĩz + Ω̃x(cos(ϕ)Ĩx + sin(ϕ)Ĩy)

= (ω1 − ω)(cos(β)Iz + sin(β)Ix)+

Ω cos(β)(cos(ϕ)(cos(β)Ix − sin(β)Iz) + sin(ϕ)Iy),

(A2)

where the RWA has been applied. During a DDRF sequence,
the Hamiltonian alternates between H ′

0 and H ′
1, but since both

are time-independent, the evolution can be easily calculated
in a piecewise manner from Uσ(t, ϕ) = e−iH′

σt, where σ ∈
{0, 1}. However, the rotating frame needs to be changed at
each electron π-pulse. This leads to the generalized evolution
operators

Vσ = Rσ(2Nτ)† · Uσ(τ, ϕN+1) ·Rσ(N
′τ)·

Rσ̄(N
′τ)† · Uσ̄(2τ, ϕN ) ·Rσ̄((N

′ − 2)τ)·
Rσ((N

′ − 2)τ)† · Uσ(2τ, ϕN−1) ·Rσ((N
′ − 4)τ)·

· · ·
Rσ(5τ)

†Uσ(2τ, ϕ3) ·Rσ(3τ)·
Rσ̄(3τ)

† · Uσ̄(2τ, ϕ2) ·Rσ̄(τ)·
Rσ(τ)

† · Uσ(τ, ϕ1),

(A3)

where σ̄ = 1 − σ and N ′ = 2N − 1. The final back-
transformation Rσ(2Nτ)† has been skipped in Ref. [20].
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